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ABSTRACT

A-theory is a recently developed area of algebraic combinatorics that takes concepts
from algebraic topology and transfers them to a combinatorial setting. This dissertation
focusses on a discrete homotopy theory defined on simple graphs and simplicial complexes.
Early appearances of this concept of discrete homotopy can be found in the work of Atkin,
and, later on, Malle. More recently, Laubenbacher and Kramer became aware of Atkin’s
work while conducting research in social and communications networks. With Barcelo and
Weaver, they pursued Atkin’s ideas and extended them to form what is now known as A-
theory. This theory provides a general framework encompassing homotopy methods that
can be used to prove connectivity results for graphs and matroids, for example.

In this dissertation, it is shown that the discrete fundamental group of the box
product of two graphs is isomorphic to the direct product of the discrete fundamental groups
of the individual graphs. Isomorphisms of the discrete fundamental group of a graph, T,
to the free product of the discrete fundamental groups of a collection of subgraphs of I' are
presented in the cases where I' has a single cut vertex or a minimal cut set of size two. A
graph may also arise in relation to the order complex of a lattice. Results are proven for
the discrete fundamental group of a graph related to the order complex of the direct sum,
ordinal sum, or ordinal product of two finite graded lattices. A construction is given of the
graph related to the order complex of the direct product of two finite graded lattices. This
is explored further in the case of the Boolean lattice, which may be viewed as the direct
product of smaller lattices. The abelianization of the discrete fundamental group of the
order complex of the Boolean lattice is a free group on 2" 3(n? — 5n + 8) — 1 generators,
which recovers a formula from Bjorner and Welker in their work on the computational

complexity of the k-equal problem, a computer science application.

iii



This dissertation is dedicated to my grandmothers,

Gertrude Jackson and Nettie Smith.

v



ACKNOWLEDGMENTS

First and foremost, thank you to my advisor, Dr. Héléne Barcelo. She has spent
innumerable hours guiding me during the past few years, leading by example, pushing me
when T needed it, and helping me to feel part of a larger mathematical community.

I would like to thank my family for their constant support during my studies,
especially my parents’ willingness to listen to me talk about math in more detail than
was perhaps strictly necessary.

I would also like to thank Yu-Ju Kuo, Rama Chidambaram, Menassie Ephrem,
Rekha Natarajan, and Rachel Wallington, for their friendship and for helping me to keep
eveything in perspective.

I am enormously indebted to the faculty of the Department of Mathematics and
Statistics at Arizona State University, who have always been willing to help me, with both
my studies and my teaching. Thank you to the best administrative staff at ASU, who make
the department run so smoothly. A special thanks to Debbie Olson, who always has an
open door, words of encouragement, and an answer for every conceivable question.

To Dr. John Jones and Renate Mittelmann, thank you for making using ITEX a

breeze.



TABLE OF CONTENTS

Page

LIST OF FIGURES . . . . . . . e e e e viii
CHAPTER 1 INTRODUCTION . . . . . . . et e 1
CHAPTER 2 G-HOMOTOPY OF GRAPHS . . . ... ... . ... ... ..... 6
2.1. G-homotopy of Graph Maps . . . . . . . . . . . ... ... . 6
2.2. The Discrete Fundamental Group of a Cycle. . . . . .. ... ... ... .. 15
CHAPTER 3 ISOMORPHISMS OF G-HOMOTOPY GROUPS . ... . ... .. 19
3.1. I'is the Box Product of Graphs . . . . . .. ... ... ... ... .... 19
3.2. T'HasaCut Setof Size lor2. . . . .. ... ... ... .. ... ...... 28
CHAPTER 4 NEW LATTICES FROM OLD . ... ... ... ... ........ 36
4.1. Graphs Arising from the Order Complex of a Lattice . . . . . . . ... ... 36
4.2. Sums of Lattices . . . . . . . . . 39
4.3. The Ordinal Product of Two Lattices . . . . .. ... .. ... ....... 42
4.4. The Direct Product of Two Lattices . . . . ... ... .. .. ........ 44
4.5. Constructing TEH=3(A(L; X L2)) . o o o v oo v 47
CHAPTER 5 THE BOOLEAN LATTICE . . . . . . .. ... ... ... ...... 54
5.1. Building I'g, from Smaller Graphs . . . . .. ... ... ... ........ o4
5.2. The Structureof I'p, . . . . . . . . ... ..o 57
CHAPTER 6 EQUIVALENCE CLASSES OF 6-CYCLESINTI'p, ... ...... 60
6.1. Each Equivalence Class is Associated with a Pair of Transpositions . . . . . 60

vi



Page

6.2. G-homotopic 6-cycles Differ by a Sequence of Transpositions. . . . . . . .. 68
6.3. Characterization of Equivalence Classes . . . .. ... ... ... ...... 76
6.4. Future Directions . . . . . . . . . . . . . oo 82
REFERENCES . . . . . . e 85

vii



Figure

10.
11.
12.
13.
14.
15.

16.

17.

18.

19.

LIST OF FIGURES

A G-homotopy from ftog. . . . .. ... ..

The retraction of a 4-cycle to a single vertex. . . . .. .. ... ... ....

Thasacut vertex, v.. . . . . . . . . .. . e
Subgraphs of ' where d(v,w) < 2. . . .. ... ...
Cycles in I'[N (v, w)] are G-homotopic to a single vertex. . . . . . . ... ..
Three v — w paths that comprise I, and a loop in I" based at v. . . . . ..
The direct sum of two graded lattices of the same rank. . . . ... ... ..
The ordinal sum of two graded lattices. . . . . . ... ... ... ... ...
The ordinal product of two graded lattices. . . . . .. ... ... ... ...
The direct product of two lattices. . . . . . . ... ... ... .. ......
One shuffle of C; and Cs, associated with 5-sequence {1,1,3,3,3} and 4-
sequence {0,2,2,5}. . ...
FZ’;?U Ffle labelled with 3-sequences and 2-sequences. . . . . . . .. ... ...
Chains ' with C; combined using adjacent shuffles associated to 5-sequences

{1,1,3,3,3  and {1,1,2,3,3}. . . . . ...

Combining Cy with Cy and C) using two different shuffles. . . . . . .. . ..

viii

Page

14
15
26
35
35
35
35
35
40
41
42

45

46

47



Figure

20.

21.
22.
23.
24.
25.
26.
27.

28.

29.

30.

31.

32.

Page

Diamonds illustrating the three possible types of pairs of adjacent chains in

T 52
The intermediate graph r Bav ¢ v e e e e e e e e e e 56
The final graph I'p,. . . . . . ... ..o o o o8
Vertical 6-cyclesinI'g, . . . . ... ... .. 62
Case 1, shifting transpositions. . . . . . . .. .. ... L. 64
Case 2 and Case 3, inserting or removing pairs of transpositions. . . . . . . 65
Case 4, commuting disjoint transpositions. . . . . . . . ... ... ... ... 65
Case 5, replacing one transposition with three transpositions. . . . . . . . . 66

Case 6, inserting a pair of transpositions and commuting with a sequence of

disjoint transpostions. . . . . . . ... L 66
A G-homotopy from C; t0 Cg = C1T1TaT3. v v v v v v v e v e e e e e e 68
The image of a G-homotopy from C; to Co. . . . . . . .. .. ... ... .. 70

Cancelling transpositions in Cy PCy LP~1 when subsequences in P are of odd

A subgraph of I'g, showing two G-homotopic 6-cycles connected by a net of

vertical 4-cycles. . . . . . .. 80

1x



CHAPTER 1

INTRODUCTION

A-theory is a recently developed area of algebraic combinatorics that takes concepts
from algebraic topology and transfers them to a combinatorial setting. A-theory contains
discrete analogues to continuity, homotopy, and fundamental group, defined on graphs and
simplicial complexes. This dissertation focusses on a discrete homotopy theory defined on
simple graphs. An early appearance of this concept of discrete homotopy can be found in
the work of Atkin [1, 2] in the early 1970s. A physicist modeling social networks using
simplicial complexes, Atkin developed ()-analysis, a discrete topological theory used to
measure the combinatorial connectivity of a complex and identify combinatorial “holes” in
the complexes. In 1972, Maurer [13] developed a similar concept of discrete deformation
of paths in graphs while working on his dissertation, developing a characterization of basis
graphs of matroids. In 1983, Malle [12] also defined a notion of equivalence of graph maps,
as well as discrete fundamental group. He was able to characterize graphs with a trivial
discrete fundamental group, and also showed that this group corresponds to the classical
fundamental group when the girth of a graph, the length of the shortest cycle in the graph,
is at least five. These authors were apparently unaware of each other’s work, but in fact
the concepts they created are all equivalent. More recently, Laubenbacher and Kramer

[11] became aware of Atkin’s work while conducting research in social and communications



networks. With Barcelo and Weaver [3], they pursued Atkin’s ideas in @-analysis and
extended them to include graphs and discrete analogues to higher homotopy groups. They
also named their work A-theory in his honor.

In Chapter 2, we review Barcelo, Kramer, Laubenbacher, and Weaver’s [3] definitions
of a discrete homotopy theory for graphs. For simple graphs I and I, a graph map f : T —
I” maps vertices to vertices and preserves adjacency, that is, the pair of vertices incident
to an edge in I" are mapped to a single vertex, or to a pair of adjacent vertices in I". In
classical topology, two continuous maps from one topological space to another are homotopic
to one another if one can be continuously deformed into the other. For graph maps that
send vertices to vertices, they define two maps to be equivalent if one can be discretely
deformed into the other, while preserving adjacency. This relation, called G-homotopy, is
an equivalence relation on the set of graph maps from I" to I".

In particular, Barcelo et al. consider graph maps defined on I, a discrete analogue to
[0,1]. Given a distinguished vertex vy € I', the image of a based graph map f : 1 — I' with
only finitely many values not equal to vy is a loop in I' based at vg. The set of equivalence
classes of graph maps based at vg, with multiplication of equivalence classes corresponding
to the concatenation of loops in T, is their discrete fundamental group Af(F, vg), which we
also refer to as the G-group of I'. In classical topology, the fundamental group of a cycle is
isomorphic to Z. We give another proof of a theorem from Barcelo et al. [3], demonstrating
that the discrete fundamental group of a cycle of length three or four is trivial, and is
isomorphic to Z if the cycle is of length at least five.

In Chapter 3, we look for ways to make computing the discrete fundamental group of
a graph easier by exploring methods for decomposing a graph I' into subgraphs, computing

the discrete fundamental groups of the smaller graphs, then using these groups to find



the discrete fundamental group of I'. We prove a discrete analogue of a theorem from
classical topology: the discrete fundamental group of I'OI", the box product of I' and I", is

isomorphic to the direct product of the G-groups of I' and I':
AF/(POTY, (vg, vg)) = AT (L, vp) x AT (I, vg).

We also use a Seifert-Van Kampen type theorem from Barcelo et al. [3] to prove results in
the case where I' has a cut vertex or a minimal cut set of size two.

Barcelo et al. [3] have developed a discrete homotopy theory for simplicial complexes
as well. In this dissertation, we consider one type of simplicial complex, the order complex
of a finite graded lattice. To compute the discrete fundamental group of the order complex
of a graded lattice L of rank k, denoted by Alf “3(A(L)) or simply referred to as the A; group

k=3 (A(L)). The vertices of the graph correspond

of the lattice, we first construct a graph I'
to maximal chains in L = L — {0, i}, the truncated lattice, and two vertices are adjacent if
the corresponding chains differ in precisely one element. Barcelo et al. [3] showed that the
G-group of the graph is isomorphic to the discrete fundamental group of the order complex.
We may then build new lattices from smaller ones, and we look for relationships between
the discrete fundamental groups of the lattices by considering the structure of the related
graphs. In Chapter 4, we prove results for the direct sum, ordinal sum, and ordinal product
of two graded lattices. We also provide a construction for the graph associated to the direct
product of two graded lattices.

While there does not appear to be a simple relationship between the A; groups of
lattices Ly, Lo, and the direct product L; X Lo; in Chapter 5 we use the structure of the
graph introduced in Chapter 4 and the fact that B,, the Boolean lattice of rank n, may be

expressed as the product of smaller lattices, to obtain the main result of this dissertation.

This result, computing the number of generators of A73(A(B,))%, the abelianization of



the discrete fundamental group of the Boolean lattice, is related to the k-equal problem, a
computational complexity problem studied by Bjorner, Lovasz, and Welker [6, 7]: Given n
real numbers and an integer £ > 2, how many comparisons are needed to determine if k of
the numbers are equal? We can reframe this as an equivalent geometric problem. Let V;, j
be the set of points in R™ that have at least k equal coordinates. Given a point in R™, what
is the complexity of determining if that point is in V}, ;? Bjorner and Lovasz [6] showed
that the Betti numbers of M, ;, the complement of V,,  in R”, are essential for determining
a lower bound for the complexity of our geometric problem when using a linear decision
tree model.

Bjorner and Welker [7] computed these Betti numbers using algebraic and topological
methods. Using A-theory and purely combinatorial methods, we compute the first Betti
number of M, 3, using a relationship between M, 3 and B,. It is known that the graph

™ 3(A(B,)) is the 1-skeleton of the permutahedron P,_; [17]. (For ease of notation, we
refer to this graph as I'g,.) Barcelo et al. [3] showed that if 2-cells are attached to the 3-
and 4-cycles of a graph I', the classical fundamental group of the resulting cell complex,
is isomorphic to the discrete fundamental group of I'. Babson [4] observed that attaching
2-cells to the 4-cycles of I'p, yields a cell complex that is homotopy equivalent to M, 3.
Furthermore, thanks to Bjorner and Welker [7], we know that the first homology group of
M, 3 is a free group, thus to find the first Betti numbers we only need to compute the rank
of AT73(A(B,))®. We see that if we attach 2-cells to the 4-cycles in T'g, , we are left with
6-cycles, so our goal is to find a way to define equivalence classes of graph maps whose
images are 6-cycles in the graph.

The Boolean lattice B, is isomorphic to B, 1 x 2, where 2 is the poset on two

elements, z and y, with x < y. This isomorphism, combined with the construction of



the graph associated to a direct product of lattices defined in Chapter 4, give us a better
understanding of the structure of I'g, . The vertices of I'p, correspond to permutations in
Sn, and two vertices are adjacent if the permutations differ by right multiplication by a
simple transposition. That is, v ~ v/ <= o0, = oy (i, + 1) for some i, 1 < i <n— 1.
Thus I'p, is bipartite, with the set of vertices partitioned into even and odd permutations,
and each edge in the graph corresponds to a simple transposition in S,. The edges in a
4-cycle in I'g  correspond to a pair of disjoint simple transpositions in .S,,. A reduced 6-cycle
cannot be expressed as the concatenation of two 4-cycles, and its edges correspond to a pair
of transpositions of the form (i — 1,4) and (4,7 + 1) for some i, 1 <47 <n —1.

In Theorem 6.2, the main result of this dissertation, we prove that two reduced 6-
cycles in I'g_, C; and C», are G-homotopic to one another if and only if they correspond
to the same pair of transpositions and they differ by a sequence of transpositions, that is
Co = C17 ... T where the 7; are simple transpositions in S,, that are disjoint from (i —1, )
and (4,7 + 1). This theorem gives us the means to describe and enumerate the equivalence
classes of reduced 6-cycles in I'p, , yielding the result that the rank of A7 *(A(B,))®, and
thus also the Betti number we wanted to compute, is 2" 3(n? — 5n + 8) — 1, recovering a

formula from Bjorner and Welker’s work [7] on the k-equal problem.



CHAPTER 2

G-HOMOTOPY OF GRAPHS

2.1. G-homotopy of Graph Maps

In this section we review the basic concepts of a discrete homotopy theory for graphs,
originally developed by Laubenbacher and Kramer and then later extended with Barcelo and
Weaver. These concepts are discrete analogues of continuity, homotopy, and fundamental
group, and can be found in greater detail in [11]. For the sake of completeness, we present
many of the details here. Let T' = (V, E) and TV = (V', E') be simple graphs, with no loops
or parallel edges. A graph map f : T — I" is a set map V — V' that preserves adjacency,
that is, if vw € E, then either f(v) is adjacent to f(w) in I, denoted by f(v) ~p f(w),
or f(v) = f(w). Let v € V and v' € V' be distinguished vertices. A based graph map is a
graph map f : (T',v) — (I, v') such that f(v) = v'. The boz product TOT” of two graphs, T’

and T, is the graph with vertex set V x V' and an edge between (v,v’) and (w,w') if either

1. v =w and v/ ~p w', or

2. v =w' and v ~p w.

We note that if T' is connected, then the image of f is a connected subgraph of T".



Definition 2.1. (Kramer and Laubenbacher [11])

1. LetT' = (V,E) andT' = (V', E') be simple graphs with distinguished vertices vg,v1 € V
and vy, vy € V'. Let f,g be based graph maps I' — I such that f(vo) = g(vo) = v{
and f(v1) = g(v1) = v}. We say that f and g are G-homotopic relative to v} and v,
denoted by f ~c g rel(vy,v}), if there is an integer n and a graph map F : TOI, — I”

such that

(a) F(v,0) = f(v) VveV
(b) F(v,n)=g(v) VoeV
(c) Flvo,j)=vy 0<j<n

(d) Flv,j)=v1  0<j<n

If v = v}, then we write f ~g g rel(vy), or simply f ~c g of the base vertez is

clear.

2. We call (T',vo) and (I',v}) G-homotopy equivalent if there exist based graph maps
f:T—=T"and g:T" — T such that go f ~g idr rel(vy) and fog ~¢ idr  rel(v]).

The maps f and g are called G-homotopy inverses of each other.

3. If T" is a subgraph of T' with base vertex vg € I”, then T is called a G-homotopy
retract of I' if there exists a based G-homotopy inverse of the inclusion map. This

G-homotopy inverse is called a G-homotopy retraction.

Let I, be the path on m + 1 vertices labelled 0,1,2,...,m with edges (i — 1)i for
1 <4 < m. This “discrete interval” plays a similar role to that of the unit interval in

classical homotopy theory. Let f : I,, — T be a graph map such that f(0) = vy and



f(m) = v1. Then the image of I, under f is a string, a sequence of vertices, beginning
with vg and ending with vy, in which a pair of consecutive vertices are adjacent or identical
in I'. If vg = w1, then the image is a string loop, or simply a loop, based at vg. For the
sake of simplicity, when referring to such a graph map, we often simply refer to its image in
I". In this dissertation, the domain of our graph maps is often the graph I,,,, and we work
specifically with graph maps I, — ' whose images have the same endpoints in I'. The
graph map F defined above is called a G-homotopy from f to g, relative to (vg,v1); it is the
discrete deformation of f into g. When f and ¢ are defined on I,,,, one can also visualize
the graph I,,,01, as an (m + 1) x (n + 1) grid, with vertex (7,7) in the grid labelled by
F(i,7). F is a graph map, so if there is an edge between two vertices in the grid then the
images of the vertices must be adjacent or identical in I'. Furthermore, the image of row j
of the grid corresponds to {F'(i,5) : 4 € I, }, and is a string F; from vy to vy in I.

A graph map f : I, — T' can be extended to a graph map f’' : I, — T for all
p > m by sending all vertices j > m to f(m). Thus two graph maps defined on I,;, and I,
respectively, can be viewed as being defined on the larger discrete interval. The ability to
“stretch” a graph map enables us to discuss the set of graph maps whose images are strings
in T of finite length, rather than limiting us to maps defined on a discrete interval of a fixed
length. Let I be the infinite path with vertices corresponding to the set of non-negative
integers and edges corresponding to a pair of consecutive integers. We can define a relation
on the set of graph maps f from I to I', where each map f satisfies the conditions that
f(0) = vp and there is a positive integer m such that f(j) = vy for j > my. The image of
each of these graph maps will be a string in " of finite length, beginning at vy and ending at
v1. We note that if one restricts f to the discrete interval I, Py the image will be the same

string from vy to vy in I'. In proofs involving graph maps from I to I', the notation is often



easier if we consider the restriction of the maps to a path of finite length, thus, when we are
discussing a graph map f : [ — I', we will write f : I, = I', indicating the restriction of f
to I,,. Furthermore, if we have a G-homotopy between two graph maps f and g and we
describe the G-homotopy grid, we write f,g : I,, — I', and we assume that any necessary
stretching has been done so that both (restricted) maps are defined on intervals of the same

length.

Figure 1. A G-homotopy from f to g.

Examples. (1) G-homotopy. Figure 1 gives an example of a G-homotopy between two
based graph maps defined on intervals of different lengths. The graph map ¢ has been

stretched so that it is defined on the longer interval.

Figure 2. The retraction of a 4-cycle to a single vertex.

(2) G-homotopy retract. [11] Let I" be a 4-cycle with vertices {vg, v1,v2,v3}, and
let IV be the subgraph of I' consisting of the single vertex vy. Figure 2 illustrates a graph
map f : 'O, — I' that will contract the 4-cycle to a single vertex. On I'O{0}, f is the
identity. On T'O{1}, define f by f(vo,1) = f(vs,1) = vo and f(vi,1) = f(ve,1) = v;.
On I'd{2}, all vertices are mapped to vg. It requires a minimum of two steps to perform
this contraction, because if one attempted to contract I' to vg with a map ¢ : 'O, — T,
this would require mapping (v2,0) to vy and (ve, 1) to vg. However, (v2,0) and (ve,1) are

adjacent in I'O1;, but vy and vy are not adjacent in I', so g would not be a valid graph map.
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A 3-cycle can be similarly contracted to a single vertex, although that may be done in a
single step.

(3) Gangster Problem. Malle [12] gives an interesting justification of why it is not
possible to perform a similar contraction of a 5-cycle. In his Gangster Problem, he describes
an interpretation of the vertices of a graph as towns, and the edges as roads between the
towns. Suppose there is a gangster living in each town, and they would like to have a

meeting in a single town. For safety reasons they decide:

1. Each day, each gangster will move to an adjacent town or rest in the same town.

2. If two gangsters are in adjacent towns initially, they must be in adjacent towns or the

same town each day.

Figure 3. The Gangster Problem

For what graphs is it possible for them to meet? We can see that this is equivalent to
being able to discretely contract a graph to a single vertex. Moving (at most) once each day
corresponds to increments in our discrete interval I,,,. The second precaution corresponds
to preserving adjacency within a G-homotopy. In Figure 3, the first graph is a 5-cycle with
an additional edge, and it can be contracted to a single vertex. However, for the second
graph, a b-cycle, if one tries to construct a G-homotopy f : I'O[,, — I' as in Example 2
previously, one finds that in order to preserve adjacency at each level, f must map I'0O(i)
onto T" for each 7, 1 < ¢ < m, and it is not possible to discretely contract the image to a
single vertex. The same is true for longer cycles as well, and thus any cycle of length > 5

cannot be contracted to a single vertex.
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Proposition 2.2. [11] G-homotopy relative to (vy,v1) is an equivalence relation on the set

of based graph maps f : I — ' satisfying the conditions that

1. f(0) = wvg, and

2. there is a positive integer my such that f(i) = v1 for i > my.

Proof. To prove this, one views a G-homotopy F between graph maps as the 1,01, grid

with vertex (7, 7) labelled by F(i, 7).

1. Clearly a graph map f : I, — I' is G-homotopic to itself rel(vg,v1). A G-homotopy

grid would only require a single row.

2. Suppose f ~g g rel(vg,v1). Then there exists a G-homotopy grid from f to g.

Flipping this grid upside down yields a G-homotopy grid from g to f which shows

g~c [ rel(vy,v1).

3. Let h be yet another graph map I,,, — ', such that g ~5 h rel(vy,v1), and consider
G-homotopy grids for f ~g g rel(vy,v1) and g ~g h rel(vg,v1). The last row of the
grid for f ~g g rel(vy,v1) and the first row of the grid for g ~¢ h rel(vg, v1) both
correspond to the the image of graph map g. Since all three graph maps are defined
on the interval I,,,, extending one or more of the maps if necessary, both grids have
the same width. Connect the grids by “pasting” them along the row corresponding

to g, and the result is a G-homotopy grid that shows f ~c h rel(vg,v1).

O]

We now have G-homotopy classes [f] of graph maps f : I — I' whose images are

strings of finite length from vy to v1, under the equivalence relation ~¢ rel(vg,v1). Next
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we recall the operation on these classes. If f : I, — I" is a graph map with f(0) = vy and
f(lm) = w1, and g : I — I is a graph map with ¢(0) = v; and g(k) = ve, the product of

these graph maps is a graph map fg: I,4x — I given by

f(@) 0<i<m
fei) =
gli—m) m<i<m+k.

The image of I+, under fg is a string in I" from vy to vy going through v;. So it is first

“string f” and then “string ¢g”. This operation is well-defined on equivalence classes:

Proposition 2.3. [11] Let f, g be graph maps as defined above. If f ~¢g f' rel(vp,v1) and

!

g~ag rel(vi,ve), then fg ~¢ f'q" rel(vy,vs).

Proof. Suppose F : I,01, — T' is a G-homotopy from f to f’, and G : [,OI; — ' is a
G-homotopy from g to ¢’. Without loss of generality, suppose | < n, then define a new

G-homotopy G’ : I,0I, — T by

G(i,j) 0<j<lI
G'(i,j) =
This has the effect of increasing the length of the G-homotopy grid for G by adding copies
of the last row so that it will have the same number of rows as the grid for F'. The two
grids can be pasted together along the last column of the grid for F' and the first column of

the grid for G'. The resulting (m + k + 1) x (n + 1) grid corresponds to a new graph map

which is denoted by FG': I, 01, — T" and defined by

FG'(i,j) =



13

It is easy to verify that FG' is a G-homotopy from fg to f'g’ rel(vg,v1). Thus multiplica-

tion of the equivalence class of f on the right by the equivalence class of g is well-defined:

[fllg] = [fg]. O

Of particular interest to us is the collection of graph maps whose images are loops
in a graph I' based at a fixed vertex, vg. The boundary 01, of I, is the vertex set {0, m}.
Let f: (Im,0Iy) — (I',uo) be a based graph map such that f(91,,) = vo. Then the image
of I, under f is a loop in I'. The image of the product of two such graph maps is also a
loop in T" based at vg, so we can now view multiplication as a group operation on the set of

equivalence classes of graph maps whose images are loops based at vg.

Theorem 2.4. ([11]) Let AS(T,vg) be the set of G-homotopy classes of based graph maps

{f : I — I'} satisfying the conditions that
1. f(0) = wvg, and
2. there is a positive integer my such that f(i) = vo for i > my.
If multiplication in A (T,vg) is defined as above, then A (T, vg) becomes a group.

Proof. The identity of AY(T,vg) is the equivalence class of the constant map that sends all
vertices in I, to the base vertex vg. It is easy to see that for graph maps f, ¢, and h :
(I, 01y,) — (I, v9), (fg)h and f(gh) will result in the same concatenation of loops in T,
and so multiplication of the corresponding equivalence classes is associative. The inverse of
a class [f] is the class of f! defined by f (i) = f(m — i), 0 < i < m. The image of f !

is the loop of f traversed in the opposite direction. To demonstrate that ff~! ~g €(T,v0)>
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define F : 5,01, — (T',vg) by
1(0) 0<i<m—j
F(i,5) =4 f71(j) = f(m - j) m—j<i<m+j

f7'G—m)=f@2m—1i) m+j<i<2m.

\

Figure 4 gives an example of the G-homotopy defined above. Similarly, the graph map G

defined by )
F7@) 0<i<m—j
Gli3) = 1) = £ (m— ) m—j<i<m+j
| flimm)=f7(2m —i) m+j<i<2m.
is a G-homotopy from f~'f to the constant map €(T" o) O

Figure 4. A G-homotopy from ff~! to the identity map €(Tu)-

Is there a relation between A% (T, vg) and A% (T, v1)? Not if vy and v; lie in different
components of I'. However, the following proposition shows that if I' is connected, the
group A?(F,vo) is independent of the choice of vy, up to isomorphism. In that case, we

often write simply A{(T) for A¥(T,vg), and call it the discrete fundamental G-group of T.

Proposition 2.5. [11] Let vy, v, be two vertices lying in the same component of I'. Let [f]
be an equivalence class of based graph maps in A?(F,’Uo). Let g : I, — T be a graph map
such that g(0) = vy and g(m) = v1. (The image of g is a string from vy to vy in I'.) The

mapping [f] — [g7' fg] is an isomorphism g, of the group AY(T',vg) onto A (T, v1).
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Proof. Let [f] and [h] be two equivalence classes in AY (T, vg), and let g be defined as above.

It is easy to verify that
g:lfh] = lg~" fhy]
=g f99~ " hg]
=lg ' fqllg 'hg

= g+[f1gx[h]

S0 gs is a homomorphism and (g~1), is its inverse. O

2.2. The Discrete Fundamental Group of a Cycle

Figure 5. A cycle Cy,

Inspired by arguments from classical homotopy theory (for example, see Greenberg
[10]), we give another proof to show that the discrete fundamental group of a cycle of length
> 5 is isomorphic to Z. Let C} be the graph on k vertices, & > 3, labelled 0,1,2,....k — 1
counterclockwise as shown in Figure 5, and with edges (k—1)0 and (i—1)i for 1 <4 < k—1.
As we saw in the previous section, A§(Cy,0) is trivial for k = 3 and k = 4. For k > 5,
it is well known (see, for example, Malle [12], and Barcelo et al. [3]) that the homotopy
class of a based graph map f : (I, 0I,,) — C} can be determined by the number of times
the image of f “winds around” the cycle, with the number being negative if the “winding”
is clockwise on Cj. Thus two graph maps are G-homotopic to each other if their images
ultimately wind around Cj the same number of times in the same direction. To see this,

we first define a map @ : Z — A¥(Cy,0) and then prove that it is an isomorphism.

Step 1. Definition of ®.
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Let ® : Z — A§¥(C,0), where k > 5, be given by ®(w) = [f,], where f,, is the graph
map fy : Lk = Ck, fuw(i) = sgn(w)i (mod k). For w > 0 the image of f,, winds around
Ck w times in the counterclockwise direction. If w < 0, the winding is in the clockwise

direction.
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Step 2. Show ® is a homomorphism.
Let w,z € Z. The image of f,4, is a loop that winds around Cy w + z times.
Clearly, this is equivalent to the concatenation of a loop that winds around w times and a

loop that winds around z times. Thus

O(w+2z) = [fute]
= [fullfel
= ®(w)d(x).
Step 3. Show @ is surjective.
Let f : (I, 0I) — (Ck,0) be a based graph map. We will show that there is

exists an integer wy such that ®(ws) = [f]. To do this we will define a new function

p:{0,1,2,...m} — Z recursively as follows:

0 ifi=0

pli—1)+1 if f@)=fG—1)+1 (mod k)
p(i—1)—1 if f(i)=f(i—1)—1 (mod k)

pli—1) if f(i) = f@E—1).

\

For each i, 0 < i < m, we have p(i) = f(i) (mod k), and p(7) increases as the image of
f winds counterclockwise around C}, and decreases as f winds in the clockwise direction.
If we divide p(m) by k, the length of the cycle, the result will be an integer yielding the
number of times (with direction) that f winds around Cj. Therefore we will define wy
to be p(k—m). Recall that a graph map that winds once around C}, clockwise, then once

counterclockwise, is G-homotopic the the trivial map, so one winding around C} in one

direction will “cancel out” one winding in the opposite direction when we count the total
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number of times the image of a graph map winds around the cycle. To show that wy is well-
defined, let g : (I, 01,,) — Cj be another representative of [f] and let F': 1,01, — C} be
a G-homotopy from f to g. Let p;(i) = p(F(7,7)) be the function p evaluated on the image
of row j of the grid. Consider the first two rows of the G-homotopy grid for F'. Recall that
from the definition of p we have py(0) = p1(0) = 0, as well as pg(7) = F(4,0) (mod k) and
p1(i) = F(i,1) (mod k). Furthermore, for each 7, 0 < ¢ < m, F(i,0) and F(i,1) differ by
at most 1 (mod k), and consequently po(i) and pp(7) must differ by at most 1 (mod k) as
well. Moreover, since k > 5, po(i) and p1(i) must differ by at most 1. Therefore, py(m) and
p1(m) are not merely both congruent to 0 (mod k), they are in fact equal. Inductively we

have pg(m) = p;(m), 0 < j <n. Which leads to the following result:

_po(m) _ pn(m) _
wy = = = wy.

k k

Thus wy is independent of our choice of representative of [f].
Step 4. Show that @ is injective.

Suppose ®(w) = [e], the equivalence class of the trivial map. The image of the trivial
map is the single vertex 0, and it doesn’t wind around C} at all, so w must be 0.

This shows that @ is an isomorphism, which completes this proof of the following

theorem.

Theorem 2.6. (Malle [12], Barcelo et al. [3]) AY(Cy,0) ~Z for k > 5.



CHAPTER 3

ISOMORPHISMS OF G-HOMOTOPY GROUPS

3.1. T' is the Box Product of Graphs

In the previous chapter, we recalled the definition of A§(T',v), the discrete funda-
mental group of a graph I'; and computed this group for cycles. Our next step is to examine
the structure of G-groups of more complicated graphs. When the G-homotopy relation on
graph maps was defined, we first needed I'OI", the box product of I' and I, and this seems
like a natural place for us to continue our exploration. If we start with graphs I" and I for
which we know the groups A{(T,vg) and A{(T’,v}), and from these graphs we construct
I'OI” with base vertex (vg,vp), is there a relationship between AY(I'OIY, (vg,v))) and the
G-groups of I’ and T"?

Recall that each vertex in T'OT is an ordered pair, (v,v'), where the first coordinate
is a vertex in T’ and the second is a vertex in I'. Given a loop in I'OI"” based at (vg,v),
we can separate this sequence of ordered pairs into one sequence consisting of vertices in I,
and a second sequence of vertices in I'V. By the definition of edges in I'OI"”, one sees that
these resulting sequences are loops in I' and I”, respectively. Furthermore, we can show
that each equivalence class in A (TOTY, (vg, vg)) can be put in correspondence with a pair

of equivalence classes, one from A§(I',vg) and the other from A (I”,v}). This leads us to
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the main result of this chapter, where we show that this correspondence is in fact a bijection

from AS(I'OLY, (vg, vh)) to AF (L, vg) x A (I, v}).

Theorem 3.1. Let ' = (V, E), IV = (V', E') be simple graphs with distinguished vertices,

v and vy, respectively. Then A (TOTY, (vg,vp)) = A (T, vp) x AF (T, v}).

Proof. To prove this, we define a homomorphism (®p,®r/) from A{(LOLY, (vg,vf)) to
A§(T,vg) x AF(I",v}), then show that the homomorphism is invertible.

The homomorphism (®r, ®rv). First, let pr and pv be the usual projection maps:

Given a graph map f : (In,0L,) — (IOIY,(vo,v))), pr o f is a graph map
which projects the image of f into I'. From pr o f, we induce the homomorphism
O : AF(TOLY, (vo,vh)) — AF(T,vg), defined by ®r([f]) = [pr o f] [3]. Similarly, & is

a homomorphism from AY(T'OL, (v, v})) to A (I, vh).

Since ®p and ®pv are homomorphisms, then (®p, ®r/) is a homomorphism from
AG(OTY, (vg, vh)) to AZ (T, vg) x AF (I, v}). In fact, (Pr, ®rv) is an isomorphism. To show
this, we define a map ¥ and show that it is the inverse of (®p, ®rv).

Defining the homomorphism ¥. Let [a] be the equivalence class of a :
(I, 0I) — (I, vg) in AF (T, vg), and let [3] be the equivalence class of 8 : (I, 01,) —
(I",v}) in A¥(I",v}). We want to define a map ¥ : A%(T,vy) x AYT',v)) —
A(TOTY, (vo, vh)) that maps the pair ([a], [3]) to an equivalence class in AY(TOL, (v, vy)).
Let ¥([al,[8]) be the equivalence class of the graph map v, : (Iom,0l2y) —

(FDF,7 ('U[)a 'U(J)) given by
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Ya,p =

(vo, B(i —m)), m <i<2m.

We must show that U is well-defined. Let v : (I,,0I,) — (I',v9) be another
representative of [a]; let & : (I, 0I,) — (I, v}) be another representative of [3]. We must
show that 1, 3 is G-homotopic to 1, 5. Let F' be a G-homotopy from « to y and let F' be
a G-homotopy from [ to §. If necessary, we may stretch one of the G-homotopies as we
did in the proof of Proposition 2.3 so that both F and F' are defined on I,,,01I,. We now
define a new map and show that it is the desired G-homotopy from 1), g to 1, 5.

Define F" : I5,,01, — (T'OT, (vg, v})) by

F(i, 5) (F 3 wo), 0<i<m, 0<j<n
Z,j:

(UOaFI(Z_maj))a mSZS2m7 OSJSH

We can verify that F” is a graph map that satisfies:

;

(F'(4,0),v9) = (a(), vg), 0<i<m
1. F"(i,0) = <

2. F"(i,n) = {

4. F"(2m,j) = (vo, F'(2m, 7)) = (vo, B(m)) = (vo,v}), 0<j<mn.

Consequently F” is a G-homotopy from 1), g to 1, 5, and therefore U is well-defined.
We can describe the G-homotopy grid for F” in terms of the grids for F : I,,,01, —

(T, v) and F': 1,01, — (I, v{). First, add v{ to the image of each vertex in the grid for
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F' as the second coordinate, so that each vertex in the grid is now labeled with a vertex in
'OIY; clearly this preserves adjacency. Similarly, add vg so that is is now the first coordinate
in the image of each vertex in the grid for F’; again, each vertex in the grid is now labeled
with a vertex in I'OI". In particular, each vertex in the last column of the grid for F, as
well as each vertex in the first column of the grid for F’, is labeled with (vg,vy), so we
may paste the grids together along these columns. The result is the G-homotopy grid for
F": I, 01, — (IO, (vg, v())

The homomorphism ¥ is the inverse of (®r, /). The composition (Pr, Pr)o

U is straightforward:

((@r, @) o U)([e, [B]) = ((Pr o ¥)([e], [B]), (Prv © ¥)([a], [B]))
= ([pr o 1ba75]a [pr’ 0 ¢a7ﬁ])-
When pr projects the image of 1, g into T', we get a new graph map (I, 0l2y,) — (T, vo)

given by

bro ¢a7ﬁ(i) =

o m <1 < 2m.
This is simply the map «, stretched so that it is defined on Iy,,. Similarly, py o 1y g is

defined by

o 0<i<m
P © Pa,p(i) =
B(i—m) m <i<2m.

Therefore, ((®r, @) o ¥)([al, [B]) = ([a], [5]) as desired.
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The composition ¥ o ($r, Prv) is somewhat more complex:

(o (@r,er))([f]) =¥(@r([f]), 2r([f])
= Y([pr o f1. [pr o f]).
The image of f is a loop in 'Ol based at (vg, v(). The map py projects this loop into
I, thus the image of pro f is a loop in I" based at vy. Similarly, the image of pv o f is a loop
in I based at vj,. Therefore, the image of Tﬁpr of ppof is the concatenation of two loops in
I'OI" based at (vg,vf). In the first loop, the set of first coordinates of the vertices correspond
to the image of pr o f, and the second coordinate of each vertex is v{,. In the second loop,
the first coordinate of each vertex is vy, and the set of second coordinates corresponds to
the image of pr o f. However, it is not immediately clear that this concatenation of loops
in I'OI” is G-homotopic to the original loop for f. To prove that this is in fact the case,
we define a map G : Iy,,01,, — 'O and show that G is a G-homotopy from 1/)pF of, pof
to f.
Let G : I,,,01I,, — T'OI" be defined as follows:
The bottom row in the G-homotopy grid for G corresponds to z/)pF of,prof> the concatenation
of the two loops in I'OI". For ease of notation, we refer to this as row 0, to coincide with

the second coordinate of the vertices in the bottom row of I, 01,,.

(pl“(f(i))vvé))a 0<i<m
G(i,0) =
(vo, pr (f(i —m))), m <i<2m.

In row 1, we replace vj, with p(f(1)) for 1 <7 < m. In this and all subsequent rows, we

leave the first coordinate of each vertex unchanged.
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G(i,1) =

(pr(f(2), pr (f(2))),
(pe(f(2)), pr (f (1)),

| (00,pus (£ = m))).
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1=0

1<1<m

m+4+1<i<2m.

In row 2, we replace pp (f(1)) with pr(f(2)) for 2 <i<m+ 1.

r

(U()apr"(f(2)))a

\

(pe(f (), prr (f(8))),

(pr(f (), pr (f(2))),

(vo, pr (f (i = m))),

1=m+1

m+2<1i<2m.

For each remaining row of G, for 3 < j < m, we continue to replace pr(f(j — 1)) with

pe(F(5)) for j <i <m+j—1.

p

(pr(f(2), pr (f(2))),

m+1<:<m-+j—-1

m+j<i<2m.
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Note that in the last row of the grid, with 7 = m, this results in

(pe(f(0),por (f(8)), 0<i<m
G(i,m) =

(vo, pre (f (1)), m+1<i<2m

(

(pe(f(0), pe (f(8))), O <i<m

(vo,v(), m+1<1i<2m.
\

(vo,v5), m<i<2m.

Thus we have
1. G(i,0) = Py o, prios (i) for 0 < i < 2m.
2. G(i,m) = f(i) for 0 <7 < 2m.
3. G(0,7) = G(2m, j) = (vo,v() for 0 < j < mn.

We still need to show that G preserves adjacency to conclude that it is a G-homotopy from
Q/)pr of,prof 0 f, but first we will illustrate the construction of G with an example.

Example. We use C50C5 as an example. To avoid the confusion of referring to two
copies of the same graph with the same vertex labels, we refer to the first copy of C5 simply
as C, with vertices {0,1,2,3,4}, and to the second copy as C', with vertices {0’,1',2', 3" /4'}.
Define f : (I10,0110) — (COC’,(0,0')) as shown in Figure 6.

One verifies easily that f is a graph map and its image is a loop in COC" based at
(0,0"). The image of pc o f is the loop 0 —0—-0—-0—-1-2-3-3—-4—-0—0in C and

the image of pos o f is the loop 0' —1' —2'—3' -3 —3' -3 —4'—4' — 4" — 0/ in C’. The
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Figure 6. f: (110,8110) — (CDC’, (O,OI))

image of ¥, of, pof is the loop of 21 vertices in COC": (0,0') — (0,0) — (0,0") — (0,0") —
(1,0") — (2,0") = (3,0") — (3,0") — (4,0") — (0,0") — (0,0") — (0,1") — (0,2) — (0,3") — (0,3") —
(0,3") —(0,3") — (0,4") — (0,4") — (0,4") — (0,0).

baselineskip

The grid in Figure 7 illustrates the G-homotopy G : (I20119) — (COC’,(0,0'))
from zppc of,perof 1O f. The bottom row of the grid, row 0, is labeled with the image just
described, and the top row is labeled with the image of f, extended by adding additional
copies of the base vertex (0,0'). The central section of the grid, where portions of the rows
have been underlined, is where changes are made from row to row. In row 1, when we
replace the second coordinate, 0/, with py(f(1)) = 1’ for 1 < i < 10, we refer to this as
sliding the label 1’ to the left across the row, to all but the last vertex in the row. In the
next row, we slide the label 2’ to the left, changing the second coordinate in all but the
last two vertices. We continue this sliding process for each of the following rows in the
grid, sliding the appropriate label to the left across m = 10 vertices in the row. In each
consecutive row, we are reconstructing the image of our original graph map f one vertex at
a time, which is then followed by m copies of the base vertex (0,0') in the last row.

The sliding process preserves adjacency. All that remains is to show that G is
a graph map by verifying that it preserves adjacency. First, we can consider the horizontal
edges in the grid connecting vertices (i,7) and (7 + 1, j) according to three possible cases.
Case 1.7 < j—1. This corresponds to the horizontal edges in the upper left section of the

grid. These are the vertices where we have reconstructed the image of f, so adjacency is
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preserved because we assumed f is a graph map.

Case 2. 5 <1 <m+j—1. These are the horizontal edges in the central section of the grid
where the sliding occurs. In a single row, the first coordinates have remained unchanged
from the first row, so they correspond to vertices that are adjacent or identical in C'. The
second coordinates are identical as a result of the sliding, so adjacency is preserved in COC’
as well.

Case 3. ¢ > m+ j. This is the lower right portion of the grid, where no changes have been
made from the first row.

Second, for a fixed column in the grid, we left the first coordinate of each vertex
unchanged, so we only need to consider the second coordinates of G(i,7) and G(i,5+1). If
the second coordinates are not identical, then in row j the second coordinate is por(f (7))
and in row j + 1 the second coordinate is pcr(f(j + 1)), because this is the only change
made from row to row. These coordinates are adjacent or identical in C', so G(4,7) and
G(i,j + 1) are adjacent or identical in COC’. Therefore all edges in the A-homotopy grid
are preserved by G so indeed G is a G-homotopy from 1/;pc of,porof O I

This sliding technique does not necessarily result in the shortest G-homotopy possible
between two maps: notice that the technique made no changes in rows 4, 5, and 6 in Figure
7 because there are repeated vertices in the image of pcr o f. However, it always results in a
valid G-homotopy. This demonstrates that Wo (®p, @) ([f]) = [f] and that ¥ is indeed the
inverse of (®r, ®r). Therefore (®r, ®rv) is the desired isomorphism from A (TOTY, (vg, v)))

to AF (T, vg) x AF (1Y, vh). O

In addition, the map f : TOIY — I'OD that sends (v,v') to (v',v) is a bijection
that preserves adjacency, so the operation of constructing the box product of two graphs is

commutative, which gives us the following isomorphism.
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Proposition 3.2. Let ' = (V, E), I'" = (V', E') be simple graphs without loops and with dis-

tinguished vertices, vy and v}, respectively. Then AY(TOLY, (vg,vh)) ~ A (I'OT, (v}, vo)).

3.2. I' Has a Cut Set of Size 1 or 2

If a graph I' is not the box product of two or more smaller graphs, we can look for
other ways to express I' as being constructed from smaller graphs, and then try to use the
G-groups of the smaller graphs to help us describe the G-group of the larger graph. We
counsider the cases where I' is a connected graph and has a cut set of size 1 or 2, and to
do so we make use of the following Seifert-Van Kampen type theorem from Barcelo et al.
Note that in general we now refer to loops or cycles in a graph I', the images of based graph

maps from I to I', rather than the graph maps themselves.

Theorem 3.3. [3] Let T be a connected, simple graph and let v be a vertex in I'. Let T';
and T’y be two connected subgraphs of I' such that I' =T'1 U2, and I'1 Ny is connected and
contains v. Suppose further that any 3-cycles or 4-cycles in T’ that contain v are completely
contained in either I'y or I'y; that is, we do not “break” any 3-cycles or 4-cycles when we

separate I' into I'1 and I'y. Then
AT(T,v) = (AT(T1,0) * AT (T2, 0))/V

where V s the normal subgroup of the free product generated by all elements of the form

[1]* [[]! for a loop | in T1 NTy based at v.

If we have a connected graph I' with a cut vertex, v, we first remove v to break I'
into components I'7,I'5, ..., I';. For each of these components, we then replace v and all
edges incident to it, resulting in a collection of connected subgraphs, I'y, s, ..., T, such

that I' is the union of these subgraphs, and the pairwise intersection of the subgraphs is
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the single vertex v. Consequently, any loop ! contained in the intersection must be the
trivial loop consisting solely of v, so it is easy to see that the normal subgroup V defined in
Theorem 3.3 is trivial. We may therefore use Theorem 3.3 and apply induction on £ to see
that the discrete fundamental group of I' is isomorphic to the free product of the discrete

fundamental groups of each of the subgraphs, resulting in the following corollary.

Corollary 3.4. Let I" be a connected, simple graph with a cut vertex, v. Let I'1,I'5,... T}

be the components of T' —v. Let T; = T'[I'f Uwv], 1 <i <k, be the induced subgraph on v

and the vertices of I'f. Then A§ (I, v) ~ AY(T1,v) x AF(Ta,v) x - % AZ (T, v).

A minimal cut set of a connected graph I' is a subset S C V of smallest cardinality
such ' — S is disconnected. Suppose that I" has a minimal cut set of size two, {v, w}. The
distance beween v and w, d(v,w), is the length of the shortest path from v to w in I'. We
consider the cases where d(v,w) < 2 and d(v,w) > 3 separately.

If d(v,w) < 2, then we can use a similar approach to that in the proof of Corollary
3.4. We define I'}, '3, ..., I'} to be the components of I' — {v,w}, and rather than replacing
a single vertex in each of these components, we want to create a connected subgraph of I’
that we can add to each component and that is the pairwise intersection of the resulting
subgraphs. Here, we use N (v, w), the common neighborhood of v and w; that is, v, w, and
all vertices adjacent to both v and w. The induced subgraph on these vertices, I'[ N (v, w)],
is connected. Let I'; = I'[I"f U N (v, w)], 1 <i <k, be the induced subgraph on the vertices
of I'Y and N(v,w). The set {v,w} is a minimal cut set, so v and w must each have at
least one neighbor in I'}, otherwise we could disconnect the vertices in I'; from the rest of
the graph by removing only one vertex in {v,w}. Therefore each of the I'; is connected.
Furthermore, I'; N T; for ¢ # j is precisely '[N (v, w)]. Without loss of generality, we may

let v be the base vertex of I' and each of the I';.
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Theorem 3.5. Let I' be a connected, simple graph with a minimal cut set {v,w} such that
d(v,w) < 2. Let I'1,I'5,...,I'} be the components of I' = {v,w}. Let I'; = I'[l';y UN (v, w)],
1 < i <k, be the induced subgraph on the vertices of T} and N(v,w). Then AY(T',v) ~

A?(Fl, v) * A?(Fg, V) ke k A?(Fk,v).

Proof. We must first show that any 3-cycles or 4-cycles based at v are completely contained

in one of the I';. Suppose C = vvivvs is a 4-cycle based at v.
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Case 1. w =vy or vsz. Without loss of generality let w = v;. If both vy and v3 are in
N (v,w), then C' is completely contained in the intersection of the I';. If only one vertex in
{vg,v3} is in N(v,w), and the other is in one of the '}, then C is contained in I';. If neither
vg nor vz are in N (v, w), then they must both be in the same I'} because they are adjacent,
so again C is contained in I';.

Case 2. w = va. Then both v; and v are in N (v, w), and C'is contained in the intersection
of the subgraphs.

Case 3. w ¢ C. Could we have two vertices in the cycle that lie in different components
of I' = {v,w}? Any path in I" with end vertices in different components of I' — {v, w} must
contain an interior vertex from {v,w} so that the endpoints are disconnected when the cut
set is removed. However, vivovs is a path in I' that is not be affected by the removal of v
and w, so all three vertices in the path must be in the same component I'}, and consequently
C' is contained in I';.

If C is a 3-cycle based at v and w € C, then the third vertex is in N (v, w), and C is
contained in the intersection of the subgraphs. If w ¢ C, then the remaining two vertices
are adjacent and therefore must be in the same component I'Y of I' — {v, w}, and C' must
be contained in I';. Consequently, no 3-cycles or 4-cycles are broken when we remove v and
w from I'.

Now let C be a cycle of length > 5 in I'[N(v,w)] = ﬂle [;. Figure 10 illustrates
the possible cases depending on whether C' contains one or more vertices of {v,w}. It is
easy to see that since both v and w are adjacent to all of the other vertices in N (v, w), the
cycle C is the concatenation of 3-cycles, and possibly one 4-cycle if both v and w are in C.
Clearly any loop in I'[N (v, w)] based at v is G-homotopic to the trivial loop, so the normal

subgroup V defined in Theorem 3.3 is trivial. We may therefore apply Theorem 3.3 and
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induction on the number of subgraphs to complete the proof of Theorem 3.5. ]

The last class of graphs that we examine also have a minimal cut set {v,w}, but
with d(v,w) > 3. In this case we define a collection of connected subgraphs of T', each
containing the base vertex v, and show that each loop in I'" based at v can be expressed as
the concatenation of loops from the subgraphs, and consequently the discrete fundamental
group of I' is isomorphic to the free product of the discrete fundamental groups of the

individual subgraphs.

Theorem 3.6. Let I' be a connected, simple graph with a minimal cut set {v,w} such that
d(v,w) > 3. Let I'{,I's, ..., I be the components of I' — {v,w}. Let I'; = I'[I'f U {v, w}].
Let P; be a path from v to w in T';. Let T be the graph consisting of the set of P;, 1 <1 < k.

Then AY(T,v) = AF(I'1,0) * AF(Da,v) * -+ % AF(Ty,v) x AF (I, v).

Proof. We note that I'', the union of the k v—w paths, is connected. Clearly, a concatenation
of loops in the collection of subgraphs (Ule Fi> UTIY, each based at v, is a loop in I" based
at v. Thus the product of the equivalence classes of the loops corresponds to the equivalence
class of the loop in I'. We must also show that a loop in I' based at v is G-homotopic to
the concatenation of a collection of loops from the subgraphs of I" defined in the statement
of the theorem. Let L be a loop in I' based at v. If L is contained in one of the I'; or I",
then we are done. If L is not completely contained in one of the subgraphs, then we can
break L into the concatenation of strings such that each string has endpoints in {v, w} and
is contained in one of the I';. The intermediate endpoints of L are the endpoints of the
strings, except for the first endpoint of the first string and last endpoint of the last string,

which are both v.
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Consider the intermediate endpoints of L. If an intermediate endpoint is a w, and it

connects a string in I';; to a string in I';, |, , replace w with IDi;lBj Pij__ijij +1- If the strings

connected by w are in the same subgraph of I', or if the endpoint is v, no replacement
is necessary. Inserting Pgl extends the string before the endpoint w by adding a string
ending at v, turning it into a loop in I';, based at v. The two paths P; Pi;ll form a loop

in I'". Inserting P;.., adds a path to the beginning of the string after the w so that it now

+1
begins at v; the string also ends at v after all changes are made, yielding a loop in I';;
based at v. The resulting loop, L', is the concatenation of loops in the collection of T';,

combined with loops from I'. Each replacement of four paths, P-ﬁlPZ‘j Pi;llP that we

i UESE)
made is G-homotopic to the trivial loop, so L ~¢ L' as desired, and the equivalence class

in A?(F, v) containing L is the product of the equivalence classes of the smaller loops.

O

Example. Let I' be the graph shown in Figure 11, with minimal cut set {v,w}.
There are three components in I' — {v, w}, so I’ is the union of one v — w path from each of
the three subgraphs, I'j, I's, and I's. Let L be the loop shown in Figure 11. We can break

L into five strings with endpoints in {v, w} and express it as
L = 51595555485.

The first intermediate endpoint, w, connects S7 in I'y and S5 in I'3, so we replace w with
P 1P1P3_1P3. We then replace the second w endpoint with P3_1P3P2_1P2. The third

intermediate endpoint, connecting S3 and Sy, is a v, so we do not make any replacement.



34
Finally, we replace the last w endpoint with Py 1P3P1_ LP,. The resulting loop is

L' = S Pt PPy P3S2 Py PsPy ! PS3 4Py P3Pt PS5
—— e N T e N
loopinT'y TV T3 T/ Lo I's T/ I
which is the concatenation of loops in IV and the collection of subgraphs I';, 1 <4 < 3.
Currently, it does not seem that we may easily generalize the techniques used in the
proofs of Theorems 3.5 and 3.6 if a minimal cut set in I contains three or more vertices. For
the present, therefore, we set aside graphs with larger minimal cut sets for possible future
consideration, and in the remaining chapters we explore the G-groups of graphs related to

finite graded lattices.



Figure 7. A G-homotopy diagram showing the sliding technique.

Figure 8. I" has a cut vertex, v.

Figure 9. Subgraphs of I' where d(v, w) < 2.

Figure 10. Cycles in I'[ N (v, w)] are G-homotopic to a single vertex.

Figure 11. Three v — w paths that comprise I, and a loop in I' based at v.
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CHAPTER 4

NEW LATTICES FROM OLD

4.1. Graphs Arising from the Order Complex of a Lattice

In the previous chapter, we proved results related to the G-groups of graphs that
have minimal cut sets of size one or two, or can be viewed as the box product of two
graphs. In this and the following chapters, we consider graphs arising from a particular
simplicial complex, the order complex of a lattice. We use these graphs to obtain results for
the discrete fundamental groups of the order complexes. In the development of A-theory,
Barcelo et al. first defined a discrete homotopy theory for simplicial complexes. Let A be
a simplicial complex of dimension d, let 0 < ¢ < d be fixed, and let o¢ be a given maximal

simplex of dimension at least q.
Definition 4.1. (Barcelo et al. [3])

1. Two simplices o and T in A are g-connected if there is a sequence of simplices
0,01,09,...,0,,T such that any two consecutive simplices share a q-face, that is, they
have at least g + 1 vertices in common. Such a sequence is called a g-chain, and its

length is n.

2. A q-loop in A based at oy is a g-chain beginning and ending at og. Denote a g-loop

00,01,092,...,0n,00 by (00,01,09,...,0n,00) = (0).
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This definition of a g-loop reminds us of the definition of a graph map, and the

equivalence relation on these loops, A-homotopy, is equally familiar.

Definition 4.2. [3] Let ~4 be the equivalence on the collection of g-loops in A, based at

og, generated by the following two conditions.

1. The g-loop

(0) = (004 -y 04y Oig1s- -y Ony00)

15 equivalent to the q-loop
(0") = (00,04, 04,0541y ,0n,00)-
As with graph maps, we can stretch a q-loop by repeating simplices.

2. Suppose that (o) and (7) have the same length. They are equivalent if there is a grid,
analogous to a G-homotopy grid, where the vertices in the first row of the grid corre-
spond to the simplices of (o), the vertices in the last row correspond to the simplices
of (1), and each horizontal or vertical edge between simplices in the grid indicates that

they share a q-face.

The discrete fundamental group of A, denoted by AY(A, 0y), is the set of A-homotopy
equivalence classes of g-loops based at og, with a product operation defined by concate-
nation of loops. This is also referred to as the Aj-group of A. Kramer and Lauben-
bacher [11] showed that to compute this group, one needed to build a graph I'?(A) with
vertices corresponding to simplices of A of dimension > ¢ and each edge correspond-
ing to a pair of simplices that share a g-face. Later on, Barcelo et al. [3] showed that
Al(A, 09) = AF(T(A),vp), where vy is the vertex corresponding to maximal simplex oy.

In addition, they showed that we can use the potentially much smaller subgraph I'}i,4.(A),
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where the vertices correspond to maximal simplices of dimension > ¢, and they also proved
that AJ(A,09) =~ AF ([hex(A), v0).

In this chapter, we consider one particular type of simplicial complex, the order
complex of a truncated finite graded lattice, denoted by A(L). One of the first simplicial
complexes for which the Aj-group was computed was the barycentric subdivision of the
boundary of the (n — 1)-simplex, which corresponds to A(By), the order complex of the
Boolean lattice of rank n with the minimal and maximal elements removed. Even though
the computer program Al [9] that we have for computing the abelianization of A;-groups
is quite efficient, the trouble lies in the complexity of the order complex associated to a
lattice, and values for n > 8 were impossible to compute. On the other hand, B, is easily
seen to be isomorphic to 2", the direct product of n copies of the poset 2 on two elements,
z and y, where x < y. Therefore, driven by these considerations and by our theorem on
the product of graphs, we set out to look for a way to compute A7 3(A(B,)) for any n. To
begin, we look at the order complex of a lattice. In this chapter, we adopt Stanley’s [14]
conventions and definitions for lattices.

Let L be a finite graded lattice of rank k, a lattice in which every maximal chain is
of length k [14]. Recall that the simplicial complex A(L), called the order complex of L, is
defined in [5] as follows: the ground set of A(L) is the set of elements of L = L — {0, 1},
and the i-faces of A(L) are the i-chains, 79 < 71 < 2 < -+ < 3, of L. Thus A(L)

is a pure simplicial complex of dimension k¥ — 2. The vertices of the graph T%3 (A(L))

correspond to the maximal simplices of A(L), and consequently to the maximal chains in

L, or for that matter in L as well. Two simplices in T%~3 (A(L)) are adjacent if they share

a (k — 3)-face, or, equivalently, if the corresponding maximal chains, C and C’, differ in
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precisely one element at rank ¢ for some 1 <4 < k — 1. In this case, we say that C and C’
are adjacent chains, denoted by C ~ C'.

The resulting graph I'5~3 (A (L)) is then used to compute A¥~3(A(L), C), the discrete
fundamental group of A(L) based at the vertex corresponding to a maximal chain C in
L. Recall that if a graph is connected, then the G-group of the graph is independent
of the choice of base vertex. However, we note that the graph I'*~3 (A(L)) need not be
connected, and therefore we need to identify the base vertex when referring to the G-group.
Furthermore, we note that in a lattice L of rank > 2, there is a one-to-one correspondence
between maximal chains in L and in L. For the sake of consistency, if L is a lattice of rank

1, we define I';2_(A(L)) to be a single vertex corresponding to the empty chain. Therefore,

max

Do (A(L)) = T30 (A(L)).

max max

4.2. Sums of Lattices

Given two graded lattices, L1 and Lo, of ranks k and [, respectively, we can use
these lattices to construct new lattices in a variety of ways, see for example [14]. We
assume that the elements of L1 and Lo are disjoint sets. We consider the structure of these
new lattices and their associated graphs, in the hope of finding a relationship between the
discrete fundamental groups of the order complexes of the individual lattices and of the new
lattices.

The elements of our first new poset, L1 + Lo, the direct sum of L1 and Ly, are the
elements in L1 U Ly with the partial order given by = < y in Ly + Lo if either z,y € L and
z <yin Ly, or x,y € L and z < y in Ly. The direct sum is a poset but not a lattice,
because it contains neither maximal nor minimal element. We can add elements 0 and 1 to

the poset to obtain a lattice that is denoted as L1/+\Lg. For our purposes, we also assume
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that L; and Lo are both of rank k, ensuring that Ll/-{j—q is a graded lattice, of rank k + 2.
A maximal chain in Ll/ﬁz corresponds to a maximal chain in either L; or Ly (with the 0
and 1 added). Two maximal chains C; and C5 in Li + Lo (note that this is the truncation
of Ll/—szg), which correspond to maximal chains in L, and Lo, respectively, can differ in
precisely one element if and only if L; and Ly each consist of a single element. Therefore
51 (A(L1 + L)), the graph associated to the order complex of L1 + Lo, is connected if and

only if L; and Ly are both single elements. If k& > 0, then T'5~! (A(L; + Ls)) is simply the

max

disjoint union of T*-3 (A(L;)) and I'*=3 (A(L3)). Consequently, the discrete fundamental

max max

group depends solely on our selection of the base vertex in I'*—L (A(L; + Ly)), resulting in

the following theorem.

Theorem 4.3. Let Ly and Lo be two finite graded lattices, both of rank k > 0. Let C be a
mazimal chain in Ly + Lo. Let C be the corresponding mazximal chain in either Ly or Ls.

Then

A AL 4 1).C) AR (A(LY),0) ifCely
1 1+ L2), =

A3 (A(Ly),0)  if C € L.

Figure 12. The direct sum of two graded lattices of the same rank.
The elements of Ly & Lo, the ordinal sum of L1 and La, are the elements in Ly U Lo,
with x <y in Ly & Lg if

1. z,y€ L; and z < y in L,

2. z,y € Lo and x <y in Lo, or
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3. x € Ly and y € Lo.

Figure 13. The ordinal sum of two graded lattices.

It is straightforward to show that the ordinal sum of graded lattices is again a graded
lattice, of rank k+/+1, and a maximal chain C = zg < 1 < - < 2 < Ty < -+ < Tppitl
in Ly & L9 is the concatenation of maximal chains C1 = g < 21 < -+ < 2} in Ly and
Cy =111 < Tpyo < -+ < Tyl in Lo, A pair of maximal chains in Ly @ Ly, C' and C’,

differ in precisely one element if and only if either

1. C1 =C] in Ly, and Cy and C} differ in precisely one element in Lg, or

2. Cy = C} in Ly, and C; and (] differ in precisely one element in L.

When we consider the graphs associated to the order complexes of L; and Lo, the
requirements described above are reminiscent of the definition of adjacency in the box
product of two graphs seen in Chapter 2, and in fact we find this to be the case:

Lo “(A(L1 & Lo)) = Il (A(L1)) Ol (A(Lz)).

max max max

As we saw in the direct sum of lattices, the correspondence between maximal chains,
and thus the isomorphism of graphs, is preserved when we consider lattices and their trun-

cations, so we also have

e J(A(L1 @ Ly)) = Ty (A(L)) O 0 (A(L2)).

max max max
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We can therefore combine this relationship with Theorem 3.1 to obtain the following

theorem.

Theorem 4.4. Let L1 and Lo be two finite graded lattices of rank k and l, respectively. Let
C be the concatenation of maximal chains Cy and Co from Ly and Lo, respectively. Then

ATTTHA(LL @ L), C) = A7 P (A(L1), C1) x AT (A(L2), Ca).

4.3. The Ordinal Product of Two Lattices

The ordinal product of L1 and Ls, L1 ® Lo, is determined by the partial ordering
on {(z,y) : * € L1,y and € Lo} where (z,y) < (2/,¢') if 1) z = 2’ and y < ¢/, or (ii)
x < z'. As described in [14], we can construct the Hasse diagram of L; ® Ly, by replacing
each element z of L; with a copy Lo(x) of Ly, and then connecting the maximal element
in Lo(z) to the minimal element in Lo(y) if y covers = in Li. The result is a graded lattice
of rank (k+1)(l+1) — 1 = kl + k + 1. We note that in general, Ly ® Ly # Lo ® Ly. If
a maximal chain in L; has length k, then a maximal chain in L; ® Lo consists of the k
edges eq, ey, ..., e, of a maximal chain Cy € Ly, alternating with k& + 1 (possibly different)

maximal chains, C3,C3,C3, - ,Cg“, from Ls:

C=Che CeyCs--mep OB

Figure 14. The ordinal product of two graded lattices.
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We associate each maximal chain in L; ® Ls, and each vertex in

PH3(A(LT ® Ly)) with the (k + 2)-tuple (C1,C},C3,C3, -+, C4*Y). Two maximal

maz
chains in L; ® Lo correspond to adjacent vertices in [XHE+=3(A(L; ® Ly)) if and only if
they differ in precisely one element. If we assume that Ly is not the lattice on a single ele-
ment, then two maximal chains in L1 ® Ly, C and C’, differ in one element only if they differ
in precisely one of the chains from Lg. If two (k + 2)-tuples differ in the first coordinate,
then the corresponding maximal chains are not adjacent in L; ® Lg. Thus if C' ~ C’, then
Cy = C} and one pair of chains, C} and C4' for some i, 1 < i < k+ 1, differ in one element.
If we fix a single chain C) as the first coordinate of C and C’, then k of the remaining
coordinates are the same in both chains from L ® L, and in the one coordinate where they
differ, the entries are adjacent chains in L.

For example, suppose C; = Cf, and C5 = C4 for 1 < i < k. Then C5¥! and
C51' must be maximal chains in Ly that differ in precisely one element. When we consider
the conditions required of the last £ + 1 coordinates of the k + 2-tuples, we see that this
is precisely the definition of the box product of k 4 1 copies of ' (A(Ls3)), which we

denote as T'L1 (A(Ly))**!. That is, Cy ~ C%' for precisely one pair of chains from Lo,

and C’g = Cg' for the remaining k£ pairs. Assume [ > 0 and let n be the number of
maximal chains in L, then I+k+=3(A(L; ® L,)) is isomorphic to n disjoint copies of

L (A(Lg))*+L, and all vertices in a single copy have the same chain from L; for the

first coordinate. Furthermore, since T’ L (A(Ly)) ~ T% 3 (A(Ly)), TEAFH=3(A(L; @ Ly))

max max max

is isomorphic to n disjoint copies of I3 (A(Ly))**!. Again, we use Theorem 3.1 to obtain

the following result.

Theorem 4.5. Let Ly and Lo be two finite graded lattices of rank k and [, respectively,

with | > 0. Let C = (Cy,C3,C2,C3,--- ,Cg“) be a mazimal chain in L1 ® Ly as defined
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above. Then
A AT @ Ta), 0) = ATH(A(T), OF) x AT (A(L2), GF) %+ x AT (A(T2), ).

We note that the first coordinate of C' determines which copy of the box product the
base vertex of AYT*H=3(A(T; ® Ly),0) is in, and the other k + 1 coordinates determine
the base vertices for the A; groups in the direct product of groups on the right side of the

isomorphism in the theorem.

4.4. The Direct Product of Two Lattices

Finally, we consider L; X Lg, the direct product of L1 and Lo, in order to use the

isomorphism B,, ~ 2", to help us understand the structure of T, _3(A(B,)). The elements

of Ly x Lo are the ordered pairs (z,y) where z € L; and y € Lo, with the partial order
given by (z,y) < (2',4') in Ly X Ly if < 2’ in Ly and y <y in Ly. As Stanley [14] points
out, one way to construct the Hasse diagram of L; x Lo is to replace each element z of L
with a copy Lo(z) of Ly and connect corresponding elements in Lo(x) and Lo(z') if z and
z' are connected in the diagram for L;. If we view the Hasse diagram as a graph, one easily
sees that this is equivalent to constructing the box product of the diagrams for L; and Lo,
and that the result is a graded lattice of rank k + [.

Figure 15 shows an example of the direct product of two lattices, and it also illustrates

the complexity of T'*+I=3(A(L; x Ly)) in comparison to I'*~3 (A(L,)) and T'=3 (A(Ly)).

max max max

0
max

There are two maximal chains of length 1 in Ly, so T (A(L;)) consists of a single edge,

while Ly has a unique chain of length 1, and the corresponding graph I'Y (A(Ly)) is a

max

single vertex. Thus the box product I, (A(L;))OI?

max

(A(Lg)) is simply a single edge.

On the other hand, L; x L2 clearly has more than two chains of length 4, in fact, it has
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Figure 15. The direct product of two lattices.

3
max

20 maximal chains. With 20 vertices, the graph I'; . (A(Ly X Lg)) cannot be isomorphic

to TV . (A(Ly))ar? .. (A(Ly)), and even for this small example it is clear that it is a much
more complex graph.

To resolve this difficulty in constructing T¥*=3(A(L; x Ly)) for arbitrary lattices L,
and Lo, we consider maximal chains in L, Lo, and L1 X Ly before the minimal and maximal
elements of each lattice are removed, and show that each maximal chain C in L; X Ls is a
shuffle of a pair of maximal chains, C; € L; and Cy € Lo. Let u = ujuoug -+ - Uy, € S[m}
and v = v1v203 -+ U € Spny1men]- A shuffle of u and v is a permutation wywow3 « « + Wy 4p
of [m + n] such that ujugus - - - uy, and vivevs - - - v; are subsequences of wjwows -« - Wiy in
(see [15]). There are (™*") possible shuffles of u and v. When we shuffle two chains, we
shuffle the edges of the chains rather than the elements. Each edge in a maximal chain is
associated with a pair of elements where one of the elements covers the other. To avoid
adding more notation, we identify each edge by the associated element of greater rank.

For example, if we consider C; = 2o < 71 < T2 < x4 in Ly and Cs = yp < y1 <
yo < y3 in Lo from Figure 15, then we refer to the three edges in C) as z,z2, and x4,
and the three edges in C5 as y1,y2, and y3. One possible shuffle of the edges of C'; and
Cs is x1y12224Yy2y3. We can associate this shuffle of C; and C with a maximal chain
C in Ly x Ly as follows: We start with the minimal element (zg,1p) in L1 x Ly, and
then make a sequence of 6 changes to the coordinates of the element, where the order

of the changes is determined by the shuffle. First, we change the first coordinate to x1,

resulting in (x1, o), which is the second element in C. Next, change the second coordinate
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Figure 16. One shuffle of C; and Cs, associated with 5-sequence {1, 1, 3, 3, 3} and 4-sequence
{0,2,2,5}.

to y1, resulting in (z1,y1). The resulting sequence of elements after the six changes is
C = (z0,90) < (z1,90) < (z1,91) < (T2,51) < (Ta,y1) < (T4,y2) < (74,y3), Which is a
maximal chain in Ly X Ls.

When combining chains € and Cs from lattices L1 and Lo of rank £ and [, respec-
tively, we shuffle the k edges of C| with the [ edges of C> to determine the order of the
changes in the coordinates of the resulting chain C in L; X Lo, thus there are (k:l) possible
combinations of the two chains. We refer to the resulting chain C as a shuffle of C; and
C5. We can associate a k-sequence and an [-sequence with a fixed shuffle, C', of C; and C,
as follows: Color the k edges from C red; these are the edges where the first coordinate
of the element in C' changes. Color the [ edges from C5 blue, where the second coordinate
changes. Next, label each red edge with the number of blue edges below it in the chain.
The ordered, weakly increasing collection of labels is the k-sequence associated with that
shuffle. Similarly, label each blue edge with the number of red edges below it in the chain
and the ordered collection of labels is an [-sequence. Clearly, the shuffle can be uniquely
reconstructed using either the k-sequence or the /-sequence, but the information from both
sets is be useful in the next section when we construct TE+H=3(A(L; x Ly)).

If we consider the example in Figure 16, the 5-sequence {1,1,3, 3,3} indicates that
in the shuffle we “inserted” two edges from (' into Cy at rank 1 and three edges at rank 3.

Similarly the 4-sequence {0,2,2,4} indicates that 1 edge from C; was inserted into C; at

rank 0, two at rank 2, and one at rank 4.
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Figure 17. Fi;?u Ffle labelled with 3-sequences and 2-sequences.

4.5. Constructing I'**=3(A(L; x L))

max

In the process of computing the discrete fundamental group of L; x Lo, the next
step is to construct the associated graph TEH=3(A(L; x Ly)). In order to do this, we first
define three graphs: I'y,, I'y,, and Ff;lluffle. Next, we show that the vertices of the box
product of these three graphs, le <L, = 1,00, DF’;;zluffle’ correspond to maximal chains
in Ly X Lsg, but r L, xL, has too many edges. Finally, we define a particular set of edges to
remove from I'z, 1, and show that the resulting graph is the desired T5H-3(A (L) x Ly)).

M Define I'z,;, I'z,, and FISC;IZUfflC'

The vertices of I'z, for i € {1,2} correspond to maximal chains in L;, and two
vertices are adjacent if and only if the two corresponding chains are adjacent in L;. Recall

that for a lattice L of rank k, T~ 1 (A(L)) ~ T'5 3 (A(L)). Lattices L1 and Lo have rank

max max

k—‘rl)

k and [, respectively, and for a pair of chains, C'y from L; and Cs from Lo, there are ( i

ways to shuffle 'y with C5 to get a maximal chain in L; X Ls. The vertices of the shuffle
graph for k and [, I‘I;,’Llufﬂe, correspond to the (k;l) shuffles. Label each vertex with the pair
(k-sequence, I-sequence) that corresponds to each shuffle.

Two vertices in F’;;llu Ffle A€ adjacent if and only if we can reverse the order of a
pair of consecutive edges in the shuffle corresponding to one vertex, one edge from C; and
the other from Cb, to obtain the chain corresponding to the other shuffle. In this case, we

say that the two corresponding k-sequences differ by a single change, that is, one pair of

corresponding elements in the sequences differs by 1, and all other elements in the two k-
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sequences are the same. We say that two shuffles are adjacent if they correspond to adjacent
vertices in Ff;llufﬂe. For example, the two 5-sequences {1,1,3,3,3} and {1,2,3, 3,3} differ
by a single change and correspond to adjacent shuffles. Note that if two k-sequences differ
by a single change, then the associated [-sequences also differ by a single change, so we only
need to refer to one of the sequences when determining if two shuffles are adjacent.

Step 2 le xL, = 'p, 0O, DF];;zluffle'

We now define leng =0, 00, DFI;;fufﬂe as an intermediate graph in our process
of constructing T5FL-3(A(Ly x Ly)). Label each vertex of I'z, 7, with the ordered triple
(C1, Oy, (k-sequence, [-sequence)). The set of vertices of r I, xL, corresponds to all possible
shuffles of pairs of maximal chains from L; and Lo, thus there is a one-to-one correspondence
between the vertices of leX L, and the maximal chains of L; x Ly. From the definition
of a box product of graphs, two vertices in leX Lys (C1, Co, (k-sequence, I-sequence)) and

(C1, CY, (k-sequence’, [-sequence’)), are adjacent if they satisfy precisely one of the following

conditions:
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1. Gy =}, Cy = CY, and the two k-sequences differ by a single change.
2. C, =CY, Cy ~ C} in Ly, and k-sequence = k-sequence’.
3. C1 ~Cfin Ly, Cy = C), and k-sequence = k-sequence’.

Let |I'| denote the number of vertices in I', and let ||I'|| denote the number of edges
in the graph. Each vertex in r Ly x L, corresponds to a vertex from each of the three graphs
in the box product and each edge in r L, x L, corresponds to a vertex from each of two of the
three graphs and an edge from the remaining graph, therefore |lexL2| =Tz, |- ITL,| (k;:l)
and [Ty sroll = [Cr - 10| 050 prell + Tz 0l (5F) + 1T el Tral - (57)
Step 3 Removing edges from leng-

Each edge in lexL2 can be classified as type 1, 2, or 3, according to
which of the above conditions is satisfied by (Cy,Co, (k-sequence,l-sequence)) and
(C1, CY, (k-sequence’, [-sequence’)). We examine each type of edge to determine which ones
correspond to edges between a pair of adjacent chains in L X Ly and which do not. Edges
corresponding to a pair of non-adjacent chains must be removed from the graph.

Type 1 edges. C) = (], Cy = C), and the two k-sequences differ by a single
change. The two vertices incident to an edge of type 1 correspond to maximal chains C and
C' in L1 x Ly constructed from the same pair, C; and Cs, of maximal chains from L; and
Lo, where the chains are combined using adjacent shuffles. This is equivalent to reversing
the order of a pair of consecutive edges in a chain in L X L, where one edge is from C; and
the other is from C5. Reversing the order of the two edges forms a diamond in the diagram
of C and C' in L| x Ly. Figure 18 shows chains C| and Cs from Figure 16 combined in this
way with adjacent shuffles associated to 5-sequences {1, 1,3, 3,3} and {1,1,2,3,3}. The red

edges are from C}, and the blue edges are from Cs, and we see a diamond in the graph
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Figure 18. Chains C; with Cs combined using adjacent shuffles associated to 5-sequences
{1,1,3,3,3} and {1,1,2,3,3}.

Figure 19. Combining C; with Cy and C) using two different shuffles.

where the order of a pair of consecutive edges, one red and one blue, has been reversed.
These two resulting chains are adjacent in Ly X Lo, so we do not remove any edges of type
1 from lexL2-

Type 2 edges. C; = Cf, Cy ~ C} in Ly, and k-sequence = k-sequence’. The
diagram of Cy and C! in Ly contains a diamond at rank i where the two chains differ.
When we shuffle Cy and C) with C, this diamond may be “stretched” by the insertion of
edges from (', depending on which shuffle is used. Consider the k-sequence corresponding
to the shuffle used. If the k-sequence does not contain an element i, then when Cy and C%
are shuffled with C', no edges from C are inserted into Cy and CY, inside the diamond. The
resulting chains are adjacent in L; X Lo, so this edge is not removed from r LixL,- However,
if the k-sequence contains one or more elements 4, then the shuffle inserts one or more edges
into Cy and C¥ at rank i, stretching the diamond. The resulting chains in Ly x Lo differ by
at least two elements, thus they are not adjacent and so this edge must be removed from
le <L, Figure 19 shows the result of combining C; with both Cy and CY, using the shuffles
associated with 5-sequences {1,1,3,3,3, } and {1,2,2,3,3}. The result of the first shuffle
is a pair of chains that are adjacent in Ly X Lo, but the chains resulting from the second
shuffle are not adjacent.

Type 3 edges. C) ~ C} in Ly, Cy = CY, and k-sequence = k-sequence’. As in the
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analysis of type 2 edges, we must first identify the rank ¢ where C; and C] differ, and then
the [-sequence is used to determine if the shuffle of C; and C] with Cs results in adjacent
chains in L; X Lg. If the [-sequence does not contain an element ¢, then the resulting
chains are adjacent and the edge in leX L, is retained. If the /-sequence contains one or
more elements 4, then the chains are not adjacent in L; x Lo and the edge is removed from
le xL,- This completes our determination of which edges to remove from r LixLo-

To calculate the total number of edges removed from le %L, first consider an edge
of type 2 and its incident vertices. There are |I'z,| choices for the first coordinate, Ci,
in the pair of vertices, and ||T'z, || choices for the adjacent pair Cy and CY for the second
coordinate. We can then choose a (k — 1)-combination of {0, 1,2, ...,1} with repetition, and
add the element i to it, guaranteeing that the resulting k-set has at least one element ¢. Thus

there are ((Ilctll)) = ( ,’jﬁ) choices of k-sets for the third coordinate such that the two vertices

correspond to non-adjacent chains in L; x L. Consequently a total of |I'z, |- [|T'z,|| - (lljﬂ)

edges of type 2 are removed from 'z, «7,. By a similar argument, |, || - |z, |- (ffll) edges
of type 3 are also removed.

Let T' be the resulting graph after any edges in r L, x L, corresponding to non-adjacent
pairs of maximal chains in L; X Lo have been removed. We now show that this is, in
fact, DE+H=3(A(L; x Ly)). Before we began removing edges from L'z, x1,, we noted that
the vertices of leX Lo, and therefore of I', correspond to the maximal chains in Ly X Lo.
Except in the case where one lattice has a single element and the other has one or two
elements, and thus L; X L2 has only one or two elements, there is a one-to-one correspondence
between maximal chains in L; x Ly and maximal chains in L; X L9: a maximal chain C in

L1 x Ly corresponds to C = C — {(01, 02), (il, 12)} in Ly x Ls. Therefore the vertices of T’

also correspond to maximal chains in Lj x Lg, furthermore, adjacency is preserved by this
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Figure 20. Diamonds illustrating the three possible types of pairs of adjacent chains in
L1 X LQ.

correspondence.

To show that I' is the desired graph T'®t—=3(A(L; x L)), we must also show that
two vertices in I' are adjacent if and only if the two corresponding chains in L; x Lo are
adjacent. We have shown that each edge in leX L, that we kept corresponds to a pair,
C and (', of adjacent maximal chains in L; X L, which in turn corresponds to a pair of
adjacent maximal chains C and €’ in L; x Ly. Now suppose C and C’ are a pair of adjacent
maximal chains in L; x Lo; it is sufficient to show that the corresponding adjacent chains
C and C' in Ly x Ly correspond to an edge in I'. Chains C and C’, and consequently C' and
C', differ in precisely one element; suppose they differ at rank i for some 1 <7 <k +1—1;
note that they have the same elements at rank 2 — 1 and 4+ 1. This can occur in one of the
following three ways.

Case 1. From rank ¢ — 1 to rank 7 + 1, there is one change made in the first coordinate of
each chain, and one change made to the second coordinate, but the changes are made in
the opposite order in the two chains. Without loss of generality, assume that in C, the first
coordinate changes from rank ¢ — 1 to rank ¢, and the second coordinate changes from rank
i toi+1;in C’', the second coordinate changes from rank ¢ — 1 to ¢, and the first coordinate
changes from rank 7 to 7 + 1. If we look at just these three ranks in C' and C’ we get a
diamond as shown in case 1 in Figure 20. This means that when we shuffled C with Cs
we used adjacent shuffles to form C and C’. This corresponds to a type 1 edge in r LyxLys

none of which were removed when constructing T'.
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Case 2. The only changes made were to the second coordinates at ranks ¢ and ¢:+1. Element
Yn+1 # Y41, but they both cover y, and both are covered by y,12 in Ly. Considering ranks
1 —1to i+ 1, we get the second diamond shown in Figure 20. The changes in the first
and second coordinates were made in the same order in C' and C’, therefore they result in
part from two adjacent chains Cy and C%. These chains were combined with a single chain
Cy from L; and the same shuffle, otherwise the resulting C' and C’ would differ in other
elements as well. Furthermore, the shuffle used to combine C; with Cy and C did not
insert any edges from C into Cy and C at rank j, where Cy and C} differ in Ly, so the
corresponding k-sequence that records these ranks does not contain any elements j. This
situation corresponds to an edge of type 2 that was not removed from leX Lo

Case 3. This is analogous to case 2, but the only changes from rank 7 — 1 to rank 7 +1 were
made to the first coordinate of elements in C' and C'. Similarly, 2,11 # z,,;, but both
cover I, and are covered by Z,,.9 in Li. Then C and C' were constructed by combining
adjacent chains Cj and C] with a single chain Cy using a shuffle whose corresponding I-
sequence doesn’t contain any elements corresponding to the rank where C; and Cf differ
in Ly. This corresponds to an edge of type 3 that was not removed from I''. These are the
only ways in which two adjacent chains C' and C" in Ly x Ly can differ, so if C'~ C’, then
there is an edge between the corresponding vertices in I'. Therefore, the graph resulting

from the construction described in this section in precisely T¥t=3(A(Ly x L)).



CHAPTER 5

THE BOOLEAN LATTICE

5.1. Building I'p, from Smaller Graphs

While it is not immediately clear from the construction of TEH=3(A(L; x L)) if
there is an easily defined relationship between the groups A¥=3(A(L,)), A1=3(A(Ly)), and
AMH=3(A(Ly X L)), the construction defined in the previous chapter proves to be instru-
mental in understanding the structure of the discrete fundamental group for the Boolean
lattice. The elements of B,, the Boolean lattice of rank n for n > 1, are the 2" sub-
sets of [n], ordered by inclusion. A maximal chain C in B, is a sequence of elements
zo < x1 < x93 < - -+ < x,, where each element z; in the chain is a subset of [n] of size i. The
lattice B, has n! maximal chains, which can be put into one-to-one correspondence with
the permutations in S,,, the symmetric group on n elements, by defining o (i) = z; — ;-1
for i € [n]. In general, when referring to permutations, we use single line notation unless
otherwise indicated; for example, the chain C = ¢, {2},{2,4},{1,2,4},{1,2,3,4} in By is
identified with the permutation 2413 in Sjy.

Building f‘Bn = I‘BndDI‘zDI‘:h_ulf’ﬁle. We now wuse the construction of
TE+=3(A(Ly x Ly)) described in the previous chapter to give us a better understanding

max

of T7%-3(A(B,)) and make it possible to compute A7 *(A(B,))*. For ease of notation, we

max
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simply refer to T, 3(A(B,)) as I'p,. Recall that B, ~ 2" where 2 is the poset on two

max

elements, « and y, with z < y. It is useful to express this isomorphism as B, ~ B,,_1 X 2,
because when we construct I B, = I'p, 0l DFZ,;}JQ}Z . the graph I's consists of a single
vertex corresponding to C, where C denotes the unique maximal chain of length 1 in 2.
This does not increase the total number of vertices in I’ anllszDFZh_ulf"lfle in comparison
tol'p,_, DF?{uljz;l .» and the ordered triple for every vertex in r B,, has C as its second coor-
dinate. Additionally, the graph F?,;}ﬁl . is a single path of length n — 1; when we shuffle a
maximal chain C] of length n —1 from B,,_; with chain C from 2 to form a chain of length
n in B,_1 X 2, we can insert the single edge from C into C; anywhere from rank 0 to rank
n — 1. The 1-sequence associated to each of the shuffles indicates at which rank this occurs,
and two shuffles are adjacent if the insertion of the edge from C occurs at consecutive ranks.

Thus we see that T B,, 18 isomorphic to the box product of I'p, , and a path of length n — 1.

n—1

When constructing and describing T B,» we use the language of permutations rather
than chains, so we need to make some adjustments to the labeling of the vertices of r B, -
Each vertex is initially labeled with the triple (C1, C, ((n — 1)-sequence, 1-sequence)). We
replace C with the corresponding permutation o¢,, or simply o, in S,_;, and we replace
C with the single element n. Furthermore, we see that we only need to consider the 1-
sequence, an element i € {0,1,2,...,n— 1}, when determining which edges to remove from
r B, - Consequently, the new labeling for each vertex is simplified to (o,n,7). We may now
associate each vertex in an with a shuffle of ¢ with n, which is a permutation in 5, in
single line notation. Figure 21 shows f34 with the vertices labeled using permutations in

single line notation. The 1-sequence determines where we insert n into the permutation o

by indicating how many entries of o come before n in the shuffle.
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Figure 21. The intermediate graph r By

We view I' B, as having n levels, where each level is one of the n copies of I'g,_, used
in constructing r B,,- Each level corresponds to a distinct shuffle, so we number the levels
from 1 to n according to the position of the element n in all permutations at that level.
Consecutive levels correspond to adjacent shuffles, so each vertex in level 7 is connected to
the corresponding vertex in level 4 + 1 by an edge for 1 <4 < mn — 1. We classify each edge
in T B, as either horizontal if it is incident to two vertices within a single level of an, or
vertical if it is incident to one vertex in level ¢ and the corresponding vertex in level 7 + 1
for some 1 <3 <n—1.

Removing edges from an . We must remove edges in r B,, that do not correspond
to adjacent permutations in S,. We show that the edges we remove are precisely the
horizontal edges in level i, for 2 < ¢ < n — 1, where the corresponding permutations o and
o' first differ in position 7 — 1.

Type 1 edges. The edges of type 1 correspond to a pair of vertices where the
associated shuffles are adjacent. Here we are using the 1-sequence corresponding to each
shuffle, an element in {0, 1,2,...,n—1}, and two shuffles are adjacent if the 1-sequences are
consecutive integers ¢ and ¢+ 1 for some 0 < 4 < n —2. The vertices incident to a horizontal
edge are within a single level and are therefore associated to the same shuffle, whereas the
vertices incident to a vertical edge are in consecutive levels and are associated to adjacent
shuffles. Thus the edges of type 1 are precisely the set of vertical edges in r B, None of
these vertical edges are removed from r B,-

Type 2 edges. In general, type 2 edges correspond to a pair of vertices where
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the second coordinates are adjacent chains (permutations). However, in the case of B, all
vertices in [ B, are labeled (o,n,1%), so we have no edges of type 2 in r B, -

Type 3 edges. Each of the remaining edges, of type 3, corresponds to a pair of
vertices where 0 ~ o'. In particular, both vertices are associated with the same shuffle
and thus are in the same level of an. To determine which of these edges to remove, we
identify the position, ¢, where o and o’ first differ. If the 1-sequence is the same element 1,
then we remove that edge. There is no position 0 in a permutation, so we do not remove
any edges associated to the shuffle identified by + = 0, which are the horizontal edges in
level 1. Furthermore, two permutations cannot differ only in the last position, so we do
not remove any edges at level n, either. Thus we remove the horizontal edges in level 4, for
2 <14 < n—1, where the corresponding permutations o and ¢’ first differ in position 7 — 1,
because when we insert n into o and ¢’ the corresponding chains are not adjacent in B,,.

In the previous chapter, we observed that we removed ||T'z, || - |T'z,| - (ffll) edges of

type 3 from lexLQ. In the case of an, the rank of B, 1 is n — 1, and the rank of 2

is 1. In the next section, we will see that I'g, has n! vertices and is (n — 1)-regular, so

ITs, .|| = (n-1){(n-2)

5 . Thus the total number of edges removed from T B, 18

5.2. The Structure of I'p,

Now that we have removed all appropriate edges from an, the resulting graph is

'3 (A(By,)), which we simply refer to as I'g_. The vertices correspond to maximal chains

in B, and in B, as well, or equivalently, permutations in S,,. The pair of permutations
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incident to an edge, o1 and o9, differ by a switch of elements in consecutive positions,
thus I'p, is the 1-skeleton of the permutahedron II,,_; [17]. This difference corresponds to
multiplication on the right by a simple transposition (7,74 1) for some i, 1 < i <n—1. For
example, in I'g,, o1 = 2413 is adjacent to o9 = 2143, (respectively (1243) and (12)(34) in
cycle notation), and we note that (1243)=(12)(34)(23) and similarly (12)(34)=(1243)(23).
We therefore say that o and o9 are adjacent permutations, denoted by o1 ~ o2, and that
they differ by the simple transposition (23).

Furthermore, we associate each edge in I'p, with a simple transposition in S,. Each
vertex in I'p, is incident to precisely one edge for each of the n — 1 simple transpositions in
Sp, so I'p, is (n—1)-regular. Figure 22 shows ['p, with vertices labeled with the associated
permutations and edges colored according to the associated transpositions. Note that this
differs from the coloring of edges of chains that we used in Chapter 4. We see that in I'p,
(and in I'p, in general), the vertical edges between levels i and i + 1 are associated to the

transposition (7,7 + 1).

Figure 22. The final graph I'p,.

If o1 = 09(i,i+1) and oy is odd, then o9 is even. Therefore, I'g is a bipartite graph
with the vertices partitioned into even and odd permutations in S, and consequently all
cycles in I'p, are even, something well known. The graph ' is simple, so it contains no
cycles of length 2. A cycle of length 4 may be associated with a pair of disjoint simple
transpositions, which are of the form (i,7+ 1) and (j, 7 +4) where |i — j| > 2. For example,
the cycle 1234-2134-2143-1243 in I'p, is associated with the transpositions (12) and (34).

Disjoint transpositions commute, so the sequence of transpositions associated to the edges
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of this cycle corresponds to expressing the identity element in Sy as (12)(34)(12)(34). Two
transpositions that share one element do not commute, so (12)(23)(12)(23)(12)(23) is an
irreducible representation of the identity element. This representation corresponds to a
6-cycle in I'g , such as 1234-2134-2314-3214-3124-1324, which we call a reduced 6-cycle
because it corresponds to a reduced representation of the identity element and it is not the
product of two or more 4-cycles. In general, when we refer to 6-cycles, we mean reduced
6-cycles.

It is known that the set of simple transpositions (7,7 + 1) for 1 <7 <mn — 1 and the
relations (i,i+1)? =1, ((4,i+1)(i+1,i+2))* =1, and (4,i+1)(j,5+1) = (5,5 +1)(5,i+1)
if |7 — j| > 2, form a presentation for S, [8]. Thus all other cycles in I'g, of length > 8,
which also correspond to representations of the identity in S,, can be expressed as the
concatenation of cycles of length 4 or 6. A 4-cycle is G-homotopic to a single vertex, so
we turn our attention to the equivalence classes of 6-cycles in I'p, in order to compute the

number of generators of A7 (A(B,))®.



CHAPTER 6

EQUIVALENCE CLASSES OF 6-CYCLES IN I'p_

In this chapter, we demonstrate how to distinguish between different G-homotopy
equivalence classes so that we may count them. First, we show that two 6-cycles in the same
equivalence class are associated with the same pair of adjacent transpositions (i —1,7) and
(1,74 1) for some 4, 2 < i < n— 1. We then prove a stronger theorem: two 6-cycles C; and
Cs are in the same equivalence class if and only if they differ by a sequence of transpositions
disjoint from (i — 1,4) and (4,7 + 1), that is, if we multiply all six permutations in C} by
the same sequence of transpositions, the result is precisely the six permutations in Cbs.
This theorem, when combined with our new understanding of the structure of I'p_, gives
us the means to describe the equivalence classes, and to find a formula for the rank of
A"3(A(B,))®. Recall that this is also the first Betti number of M,, 3, which Bjérner and

Lovéasz showed will give us a lower bound for the complexity of the k-equal problem.

6.1. Each Equivalence Class is Associated with a Pair of Transpositions

In the previous chapter, we noted that each (reduced) 6-cycle is associated to a pair
of adjacent transpositions (i —1,7) and (i,7+ 1) for some 4, 2 < i < n—1. We also described

edges in I'p, as horizontal if they are incident to permutations in the same level, or vertical
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if they are incident to permutations in consecutive levels of the graph. We may similarly
classify 6-cycles in I'p, as horizontal if all six permutations in the cycle are in the same
level of I'g,,. These horizontal 6-cycles originated in one of the n copies of I'g, _, used when
we constructed T' B,,- However, not all of these 6-cycles exist in ', because some of them
were “broken” when we removed edges from T B, to create I'g,. The graph I'p, is a single
6-cycle, but the copies of that cycle at levels 2 and 3 of r B, were broken as a result of the
removal of edges.

At the same time, removing edges created new 6-cycles, such as 1234-1324-1342-
1432-1423-1243, that contain two permutations from each of three consecutive levels in
I'p,. We call a cycle of this type, containing two vertices from each of three levels, ¢ — 1,
i, and ¢ + 1, and created by the removal of an edge at level 4, a wvertical cycle at level i.
There are no 6-cycles that span four levels of I'g, , because this would require at least one
permutation to be adjacent to two permutations in a single neighboring level, which is not
possible in I'p, . Nor are there any 6-cycles comprised of permutations in precisely two levels
of the graph. We can’t have a 6-cycle with permutations in only two neighboring levels.
No vertical edges were removed from r B,,» 50 we would have three vertical edges, and the
6-cycle would be the concatenation of two 4-cycles. Nor can we have a 6-cycle with two
permutations in one level and four vertices in a neighboring level. Suppose the two vertical
edges between pairs of permutations in the two levels are of type (i — 1,i). The cycle must
contain a third edge of type (i — 1,7), which must be a horizontal edge in level 4, but level
i contains no horizontal edges of type (i — 1,7) or (¢,7 + 1). Therefore, all 6-cycles in I'p,
may be classified as either horizontal or vertical.

Suppose we have two reduced 6-cycles, C; and C>. How can we tell if they are

G-homotopic to one another? We know that each cycle is associated with a pair of simple
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Figure 23. Vertical 6-cycles in I'p, .

transpositions of the form (i — 1,4) and (4,7 + 1) for some 7, 2 < 7 < n — 1, but can C}
and C5 be associated to different pairs of transpositions, or must they be associated to the
same pair? To answer these questions, we assume that we have a G-homotopy from C; to
Co and we consider the acceptable types of changes that we can make from row to row in
a G-homotopy grid, as well as the impact of these changes on the images of consecutive
rows of the grid. We find that all of these acceptable changes preserve the parity of the
number of edges in each row that are associated to a given transposition. For example, if
the first row of the grid contains an odd number of edges associated with the transposition
(12), then every row contains an odd number of edges associated with (12). This leads to
the conclusion that if C; ~g Cs, then C; and C9 must in fact be associated to the same
pair of simple transpositions. A further consequence of this lemma is that a reduced 6-cycle
cannot be contracted to a single vertex. A valid G-homotopy grid cannot contain an odd
number of edges associated with each of (i —1,7) and (7,7 + 1) in the first row, and no edges

associated with either transposition in the last row, or any row, for that matter.

Lemma 6.1. Let C; and Cy be two distinct reduced 6-cycles in I'p . If C1 ~g Cq, then
they are associated with the same pair of transpositions, (i —1,1) and (i,1+ 1), for some 1,

2<i1<n—1.

Proof. Let Ci = 0g—01—03—03—04—05—0p and Co = y9—71 — Y2 —73— Y4 — 75— Yo be
two distinct reduced 6-cycles in I'g and suppose C} ~g C. The graph I'p, is connected,
so AY(T'g, ) is independent of the choice of the base vertex, thus we may choose og as the

base vertex (base permutation). We must be able to construct a G-homotopy from C; to
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Cs; the first row of the G-homotopy grid corresponds to € and the last row corresponds to
PCyP~!, where P is a path from og to 7o in I'g,. Each vertex in the G-homotopy grid is
labeled with its image, a permutation in Sy, and an edge in the grid may be incident to two
copies of the same permutation or incident to adjacent permutations. In the latter case, we
can label the edge with the associated transposition, and we leave the other edges unlabeled.
(In the figures in this chapter, we label vertices and color edges to avoid confusion about
what the labels refer to. Black edges are incident to two copies of the same permutation.)

Recall that the image of each row in the G-homotopy grid is a loop in I'p_ based at
0g, our base permutation. Therefore the sequence of transpositions labeling the edges in a
single row is a representation of the identity in S,. In this proof we consider the changes
that we can make to a sequence of transpositions so that it is still a representation of the
identity, and so that the changes are consistent with the definition of a G-homotopy. The
possible changes are limited to shifting labeled edges in the grid, inserting or deleting a
pair of transpositions of the form (j,j +1)(j, 7 + 1), commuting disjoint transpositions, or a
combination of these changes. We examine the results of each of the possible changes with
respect to two consecutive rows in the grid: the effect on the sequence of labeled edges, and
the images of the two rows in I'p .

Suppose that Cy is associated with transpositions (i — 1,4) and (4,7 + 1) for some
1, 2 <1 <n—1. Without loss of generality, we assume that the first edge in Cs, incident
to o and 71, is associated with (i — 1,7). The last row of the G-homotopy grid, the one
corresponding to PCyP~!, has a series of transpositions labeling the edges of P, then the
alternating subsequence (i — 1,4)(¢,7 4+ 1)(¢ — 1,4)(¢,7 + 1)(4 — 1,4)(¢,% + 1) corresponding
to the six edges in Cs, followed by the transpositions from P in reverse order. The path P

may contain copies of transpositions (i — 1,4) or (7,7 4+ 1), but we note that there are three
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copies of (i —1,i) from Cy and an even number of copies, if any, from P and P~! combined.
Therefore, the last row of the grid contains an odd number of transpositions (i — 1,1), and
similarly, an odd number of transpositions (7,7 + 1).

We show that all of the changes that we can make from row to row in a G-homotopy
grid preserve the parity of number of edges in each row that are associated with each simple
transposition. Consequently, each row of the grid, and in particular the first row, which
corresponds to C1, also contains an odd number of each of these two transpositions. We
know that C' is a 6-cycle corresponding to a pair of adjacent transpositions, and therefore
if the row corresponding to C', which contains precisely six labeled edges, contains at least
one edge of each type, (i —1,7) and (4,7 + 1), then C; must be associated with that pair of
transpositions.

Case 1 Recall that unlabeled edges in a G-homotopy grid are incident to two copies
of the same vertex (permutation) in I'g . If there are unlabeled edges in a row of the grid,
we may shift one or more labeled edges one position to the right or left in the following
row. This does not change the image from one row to the next, or the representation of the
identity, it simply changes where the repetition of one or more vertices occurs in the row.
This change may be necessary in order to have the labeled or unlabeled edges in appropriate
positions in the row so that we may then perform the changes described in the following

cases.

Figure 24. Case 1, shifting transpositions.

Case 2 Since (7,7 + 1)(4,j + 1) = 1 in S, we can insert (j,j + 1)(j,7 + 1) into
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our sequence of transpositions, and the resulting sequence is still be a representation of the
identity. We note that this requires unlabeled edges in the row in order to perform this
change in a single step, and the resulting row has two additional labeled edges. We see
in Figure 25 that it is possible to preserve adjacency when making this change, so this is
consistent with the definition of a G-homotopy. In the image of the new row, there is one

new edge, traversed twice in opposite directions.

Figure 25. Case 2 and Case 3, inserting or removing pairs of transpositions.

Case 3 Similarly, we can remove (4,5 + 1)(j,7 + 1) from the sequence of transpo-
sitions. This has the reverse effect of the change in case 2, so it also preserves adjacency
in the G-homotopy grid. The effect is to remove a single edge, traversed twice, in opposite
directions, from the image of one row to the next.

Case 4 Since (5,5 +1)(k,k+1) = (k,k+1)(j,7+1) if |j — k| > 2, we can commute
two disjoint transpositions in the sequence of edge labels. Again, this requires at least one
unlabeled edge in an appropriate location in the row so that we may preserve adjacency
in the grid while making the change. In I'g , the image of one row includes two adjacent
edges of a 4-cycle, and the image of the next row contains the other two edges of the cycle.
The images of the two rows differ by a 4-cycle, which is contractible to a single vertex, so

this change is also consistent with the definition of a G-homotopy.

Figure 26. Case 4, commuting disjoint transpositions.

Case 5 A transposition in Sy, is its own inverse, so we can express the relation in case
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4as(j,j+1) = (k,k+1)(j,7+1)(k, k+1) if |j—k| > 2. Thus we can replace one transposition
(7,7 +1) with a sequence of three transpositions (k,k+1)(j,7+1)(k, k+ 1), where (4,7 +1)
and (k,k + 1) are disjoint, assuming we have unlabeled edges where necessary to preserve
adjacency when the change is made. In I'p, , the image of one row contains one edge of a
4-cycle, and the image of the next row contains the other three edges. Again, the images of
the two rows differ by a 4-cycle. This is equivalent to first inserting (k,k + 1)(k,k + 1) on
one side of (7,7 + 1), then commuting one copy of (k,k + 1) with (7,7 + 1), although this
may be done simultaneously from one row to the next in the grid. We may also reverse this,
and replace (k,k+1)(j,7 +1)(k, k4 1) with (4,7 + 1) when the transpositions are disjoint,

or equivalently, commute and then remove transpositions.

Figure 27. Case 5, replacing one transposition with three transpositions.

Case 6 We may extend the previous type of change, and replace a sequence of trans-
positions (j1, j1+1)(j2, j2+1) -+ (Jm, Jm +1) With (k, k+1)(j1, j1+1) (G2, j2+1) -+ (s Jm +
1)(k,k + 1) where (k,k + 1) is disjoint from each of the other transpositions in the sub-
sequence. Similarly, this is equivalent to inserting (k,k + 1)(k,k 4+ 1) then commuting
repeatedly, and the images of the two consecutive rows in the grid differ by m 4-cycles, one

for each of the transpositions that we commuted with (k, &k + 1).

Figure 28. Case 6, inserting a pair of transpositions and commuting with a sequence of
disjoint transpostions.

We used the relations (4, 7+1)(j,7+1) = 1land (j,5+1)(k, k+1) = (k,k+1)(5,5+1)

if | — k| > 2 in the changes described above in cases 2 through 6, but we have not yet
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used the third relation in our representation for Sy, ((5,5 +1)(j + 1,kj +2))3 = 1. If we
attempt to use this relation in order to make a change in the grid, for example, replacing a
sequence of the form (j,7+1)(j+1,7+2)(4,5+1) with (j +1,7+2)(j,7 +1)(7+1,7+2),
we see that the image of the first row includes three consecutive edges of a reduced 6-cycle
associated with (7,74 1) and (541,75 42), and the image of the next row contains the other
three edges. Consequently, the images of the two rows differ by a 6-cycle, which we have
seen is not contractible to a single vertex. Therefore this type of change cannot occur in a
G-homotopy, where the images of two consecutive rows may only differ by 3- and 4-cycles
or by one or more edges traversed twice in opposite directions. It is easy to see that any
change to the sequence of transpositions that we make using the third relation results in
two rows whose images in I'g, differ by a 6-cycle. Consequently, the changes that we are
allowed to make from row to row in a G-homotopy grid may only rely on the first two
relations.

Possible changes are therefore limited to shifting labeled edges, inserting or deleting a
pair of transpositons (j,j+1)(4,j+1), commuting disjoint transpositions, or a combination
of these changes. Inserting or deleting pairs of transpositions does not affect the parity of
the total number of transpositions of each type contained in consecutive rows of the grid,
and shifting labeled edges or commuting transpositions does not affect the number of each
type of transposition from row to row. Thus the first row of the G-homotopy grid from C;
to Co must contain an odd number of edges labeled with each of (i — 1,7) and (4,7 + 1),
and consequently the 6-cycle C must also be associated with (¢ —1,4) and (7,7 + 1), which

completes the proof of the lemma. O
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6.2. G-homotopic 6-cycles Differ by a Sequence of Transpositions

Association with the same pair of transpositions is a necessary condition for G-
homotopy of 6-cycles, but it turns out not to be sufficient. In order to guarantee that
two 6-cycles, C and (s, are G-homotopic, they must also differ by a sequence of sim-
ple transpositions, 717s...7, where each 7; is disjoint from (i —1,7) and (4,4 + 1). That
is, if we multiply each of the six permutations in C; by the same sequence 7i79 - - - Ty,
the result is precisely the six permutations in C3. To indicate this relationship, we write

02 = 017'17'2'- * Tk

Theorem 6.2. Let Cy and Cy be two distinct reduced 6-cycles in I'g, . Then Cy ~g Cs iff
there exists an integer k > 1 such that Co = Cy71 ... 7, where C1 and Co are both associated
to (i —1,7) and (3,1 + 1) for some i, 2 <i <n—1, and the 7; are simple transpositions in

Sy that are disjoint from (i — 1,4) and (i,7 + 1).

Proof. The first part of the proof is constructive: assuming Cy = C7y ... 7, we construct
a G-homotopy from C to Cs whose image is a sequence of 6-cycles connected by 4-cycles.
In the second part of the proof we assume C7 ~¢ Cs, which means there is a path P such
that C’lPCQ_lP_1 ~q 09, where the base permutation og is a permutation in C';. The edges
of P correspond to simple transpositions in S, and the product of these transpositions is a
permutation in 5,. We show that this permutation can be written using only transpositions

that are disjoint from the pair (i — 1,7) and (7,7 + 1) associated to Cy and Cs.

Figure 29. A G-homotopy from C; to Co = C111TeT3.

Constructing a G-homotopy from C; to C2 = Cy7my7273. First, suppose C =
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Ci711...7; as defined in the statement of the theorem, and suppose C1 = oy — 01 — 09 —
03 — 04 — 05 — 0p. We can construct a G-homotopy from C; to PCoP~! where P =
09 — 0gT1 — OgT1Ta — *++ — OgT1 . ..Tk. The G-homotopy grid has k + 1 rows and 2k + 7
columns, and Figure 29 is an example of such a grid in the case where k = 3. The first
row of the grid corresponds to C7, with k + 1 copies of the base permutation oy, then
01 — o0y — 03 — 04 — 03, followed by k + 1 copies of og. We note that only the six edges in
the row corresponding to C; are labeled (colored) with an alternating sequence of (i —1,7)
and (4,7 + 1), and all other edges in the row are unlabeled. In row 2, we leave the first and
last copies of oy unchanged, and we multiply each of the other permutations in the row by
71. This is equivalent to inserting two copies of the transposition 7; at the beginning the
sequence of transpositions associated to C7, then commuting one of the copies of 7 with
the six copies of (i — 1,7) and (4,7 + 1) as described in case 6 in the previous section. The
image of this new row is the loop o¢g — 0gT1 — 0171 — 09T — 0371 — 04T1 — O5T1 — OgT1 — 00,
which is also the 6-cycle C7m; connected to op by an edge associated with 7;.

In each of the remaining rows, row j 4+ 1 for 2 < 57 < k, we obtain the new row by
leaving the first j permutations and the last j permutations unchanged, and multiplying
the other permutations in the previous row by 7;. Again, this is a change like that in case
6, so the result of these changes is a valid G-homotopy. Thus the images of the rows is the
sequence of 6-cycles Ci11,C11179,...,C171 ... TE, connected to the base permutation og by

a subpath of P. In particular, the permutations in the last row are
00— 00T —00TITo—*+—0QTL -« - Tk —O1T] - - Thk—""*—O05TL - .. Tk —0QTL -.-Tk— "+ —00TL —0p

which corresponds to the loop PCy P~ 1.

If P is a shortest path from oy in Cy to C9, then k& + 1 is the least number of
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rows that a G-homotopy from C; to Cs could have. The image of the G-homotopy that
we have constructed is a sequence of k + 1 6-cycles, Cy,Cim,Ci7mi72,...,C171 ... T, €ach
corresponding to (i — 1,17),(i,7 + 1) for the same i. Each pair of consecutive 6-cycles is
connected by six edges corresponding to the same transposition, as shown in Figure 30.

Therefore, if o is a permutation in C7, then o 79... 74 is a permutation in Co.

Figure 30. The image of a G-homotopy from C; to Cj.

Assume C; ~g Cs. For the second part of the proof, we now assume C; ~g Cy and
Co =v—v1—Y2—7Y3—"Y4—75—"0- Then by Lemma 6.1, C| and C5 are both associated with
the same pair of transpositions (i —1,7) and (4,74 1). Clearly, yo—v1—v2—73—74—75 —70
is G-homotopic to v1 —v2 —y3 — 74 — 5 — Yo — 71, so as with C, we may choose to label
the permutations in Cs so that the edge incident to g and - is associated with (7 — 1,7).
For this part of the proof, it is useful to express this relationship as C1PCy Lp=1 ~a oy,
where P is a shortest path from og in C; to (s, satisfying the condition that the first edge
traversed in C is associated with (7 — 1,7).

The first row in a G-homotopy grid corresponds to C PCy 1p=1 and the last row
is repeated copies of the base permutation og. Recall that we label an edge in the grid
if it corresponds to a simple transposition, otherwise it is left unlabeled. Therefore the
last row has no labeled edges. This means we must use our permissible operations of
commuting disjoint permutations, inserting or deleting a pair of consecutive copies of the
same transposition, or shifting labeled edges, as we move from one row to the next in the
grid. Our ultimate goal is to eventually be able to remove all of the transpositions in

C1PC, ' P~! by the last row of the grid.
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Suppose we insert a pair of transpositions, (4,7 + 1)(4,7 + 1), at some step in our
process. By the end of our process, each of these transpositions has been removed as a
part of a pair of transpositions. If they were removed together as a single pair, then they
did not assist us in removing other pairs of transpositions, so it was not necessary to insert
them at all. If they were removed separately, each paired with another transposition of the
same type, then whatever commuting that was done to put them into position next to their
new partners could have been done in the opposite direction by the partner transpositions.
This would make a single consecutive pair out of these new partners, which we could then
remove. In this case as well, we could have constructed a G-homotopy between C PC5 lp-1
and the trivial loop o¢ without inserting the new pair of transpositions. Thus we must be
able to achieve our goal solely by shifting labeled edges and commuting and removing
transpositions.

A shortest path P from C; to C2. Now we consider the types of transpositions
that may be associated with the edges of a shortest path from Ci to Cs. The path P from
og in C to C5 consists of edges corresponding to simple transpositions 7, 79, ..., 7, in Sy,

therefore the sequence of labels on the edges in the first row of the grid is
(Z - 1,2)(2,2 + 1) R (’L,Z + 1)7’17’2 R Tk(i,i + 1)(Z - l,Z) - (Z - l,i)Tka,1 ST

We refer to P as a sequence of transpositions, the transpositions associated with
the edges in P, although we recognize that by commuting disjoint permutations in the
sequence we are changing the edges traversed and creating a new path, albeit a path that
begins and ends at the same vertices (permutations) as P, and the product of the new
sequence of transpositions still represents the same permutation in S,,. If we can show that

P consists of transpositions disjoint from (7 — 1,4) and (i,7 + 1), then we could commute
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the transpositions in P with the transpositions in C; L resulting in the sequence
(t—14)(,i+1)...(6, i+ )i+ 1) —1,0)... (e — Li)17T0 . . . TkTkT—1 -+ - T1-

We can then remove pairs of the same transposition, one pair at a time, until all transpo-
sitions have been removed.

P doesn’t contain (i—2,i—1) or (i+ 1,i+ 2). We show that P cannot contain
any copies of either (i—2,7—1) or (i+1,7+2). Suppose we have a transposition (i —2,7—1)
in P, and if P contains more than one copy of this transposition, then we consider the last
copy in P. There are an odd number of copies of (i—1, i) between the last copy of (1—2,7—1)
in P and the first copy in P~!; three from Cy I and an even number, if any, from P and
P~! between the two copies of (i — 2,7 —1). We can’t commute (i — 2,4 — 1) with (i — 1,4),
so we won’t be able to remove all of the odd number of copies of (i — 1,4) to allow us to
pair the copies of (i — 2,i — 1) from P and P! for cancellation. Therefore we must be
able to pair the copy of (i — 2,7 — 1) from P with a second copy that is also in P. But
if we can commute and remove these transpositions within P as part of the G-homotopy,
then we could have commuted and removed these transpositions within P to get a shorter
path from C; to Cy with the same endpoints, which contradicts our assumption that P is
a shortest path. Therefore P cannot contain any copies of (i — 2,7 — 1), and by a similar
argument, any copies of (7 + 1,7 + 2).

Suppose now that P contains copies of (i — 1,4) or (i,7 + 1). We show that this
contradicts the assumption that P is a shortest path from oy in C; to Coq, satisfying the
condition that the first edge traversed in Cy is associated with (i — 1,7). We consider the
subsequence of transpositions (¢ —1,4) and (i,74 1) in P and show that each of the possible
types of subsequences results in a contradiction of our assumption about P. When we have

eliminated all possibilities, then we may conclude that all transpositions in P are disjoint
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from (1 —1,4) and (4,74 1). First, we show that a subsequence can’t have consecutive copies
of either (¢ —1,7) or (4,7 + 1). Next, we show that a subsequence must be shorter than six
transpositions. We then show a G-homotopy is not possible if the alternating subsequence
is of odd length. Finally, for subsequences of length two or four, we demonstrate a shorter
path satisfying the conditions for P.

Subsequence of (i —1,i), (i,i+ 1) alternates. Suppose that the subsequence in
P consisting of all transpositions (¢ —1,%) and (4,7 + 1) contains a consecutive pair the same
transposition. Transpositions (¢ — 1,%) and (7,7 + 1) commute with all other transpositions
in P (except, of course, with each other), so if there are consecutive repetitions of one of the
transpositions in the subsequence, we can commute the transpositions within P so they are
next to one another and then remove the pair to obtain a shorter path from C; to Cs with
the same endpoints, contradicting our assumption that P is a shortest path. Therefore any
subsequence must alternate between (i — 1,7) and (4,7 + 1).

Length of subsequence < 6. Next we consider what types of alternating subse-
quences of (1 —1,7) and (4,7 + 1) are possible in our G-homotopy. If we have an alternating
subsequence of length six or longer, then we can commute transpositions from P until we
have six of these transpositions in consecutive order. This sequence of six transpositions is
a representation of the identity in S,,, so we now have a path from C to C5 that contains
a 6-cycle. The same path without the 6-cycle yields a shorter path from C; to Cy with the
same endpoints, contradicting our assumption that P is a shortest path. Therefore we only
need to counsider subsequences of length less than six.

Odd subsequences. For subsequences of odd length, Figure 31 illustrates the
possible subsequences of transpositions (i — 1,4) and (4,7 + 1) in the first row of the grid,

using (12) and (23) as a specific example. This includes the six transpositions from each of
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C1 and Cs, as well as those from P and P~ !. Even though (12) doesn’t commute with (23),
(12) and (23) commute with any other transposition in P, thus we only need to consider the
subsequence when deciding which pairs of (12) or (23) may be removed. In each case, we see
that we can remove a number of pairs of transpositions, equal to the number of transpostions
in the subsequence in P. However, we are not able to remove all transpositions in the entire

subsequence, contradicting our assumption that C7 ~¢ Cb.

Figure 31. Cancelling transpositions in C1 PC5 'P~! when subsequences in P are of odd
length.

Even subsequences. Now suppose that the alternating subsequence in P is of
length two or four. To illustrate this we consider the case where the subsequence is (i —
1,), (i,4 4+ 1). We can commute these transpositions with the other transpositions from P

to obtain a new sequence
(0= 1,2), (3,0 + 1), Ty s Tjny o oo s Tjs

with (i —1,4), (¢,7 + 1) and the rest of the transpositions in the same relative order as they
were in P. The first vertex in P is associated with the permutation is g, and without loss
of generality we can identify the last permutation in the path, which is a permutation in
Cs, to be vg. Our reordered sequence of transpositions also corresponds to a path from og

to yo in I'g,, thus we may write

Yo = O'O(Z. -1, Z)(Z,’L + 1)Tj1Tj2 s Thgo
= 02T Tjp + - Thp_o-

Consequently, we also have
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" = VO(Z' - 17i)
= 09T} Tjy - - Tj_o (1 — 1,14)
=091 — 1,9)75,Tjy - - - Tj_,
= 03T}, Tjy - - Ty _s
and similarly
Yo = OuTj Tjy -+ Tjp s
V3 = O05Tj1Tjg ««+ Tjp_s
Y4 = O0Tj1Tjy - Tjp_s

Y5 = UlleTjQ .. .Tjk72.

Therefore C = Cy7j, 7}, ...7j,_, and we could use the sequence of edges starting at
o¢ and corresponding to 7j,,7j,,...,Tj,_, to create a shorter path from og to C3 in I'p,.
This new path does not meet Cy at the same permutation as does P, but it still satisfies
our condition that the first edge traversed in C is associated with (i —1,7) (we can simply
reindex the v; so that the new path ends at ). This contradicts our assumption that P
is a shortest path from o to C5. It is easy to show that in the other three cases, where
the subsequence is of length four and beginning with (i — 1,4), or of length two or four
and beginning with (7,7 + 1), the 6-cycles C; and C; differ by the sequence of remaining
transpositions from P not in the subsequence, and we can use those transpositions to
create a shorter path from oy to Cs, ending at a new permutation but still satisfying our
condition that the first edge traversed in C5 is associated with (i —1, ), for a contradiction.
Consequently, P cannot contain any edges corresponding to (i — 1,7) or (4,7 + 1).

We have shown that if C1 ~¢ C5 and P is a shortest path from og in Cy to Co, then
the edges of P must correspond to a sequence of simple transpositions 71, 79,...,7; in Sy

that are disjoint from (i — 1,7) and (7,7 + 1), and without loss of generality, if we let o be
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the last permutation in P, then

Yo = OoT1T2 - .. Tk
Yi = vi—1(i — 1,1)

=010 —1,9)T10... 7k

= 0;TITy ... Tk for 1 <1 <5.

Therefore Cy = C11y79 ... 75 as desired.

6.3. Characterization of Equivalence Classes

The previous theorem stems from the definition of a G-homotopy from C to C> and
the limitations on the types of changes we are able to make from row to row in a G-homotopy
grid. We can combine this theorem with our new understanding of the structure of I'p, to
make the following observations about equivalence classes of 6-cycles in the graph: We show
that the horizontal and vertical 6-cycles are not G-homotopic to one another, so we may
discuss horizontal and vertical equivalence classes. Next, we see that the vertical 6-cycles
at different levels are in different equivalence classes. Then we demonstrate a method for
counting the vertical equivalence classes at each level 1 of I'g, , for 2 < ¢ < n—1. Finally we
show that the number of horizontal equivalence classes in I'g, is equal to the total number

of equivalence classes in ' and show that the set of horizontal and vertical equivalence

n—1"?
classes that we have identified constitute a minimal set of generators for A73(A(B,))%.
Horizontal and vertical 6-cycles are in different equivalence classes. In the

construction of I'g_, we saw that o(j) = n for each permutation o at level j of the graph.

Therefore, given a vertical 6-cycle Cy that spans levels i—1, 4, and i+1, we have o(i—1) = n
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for the two permutations in Cy at level i — 1, o(i) = n for the two permutations at level
i, and o(i + 1) = n for the remaining two permutations at level i + 1. On the other hand,
o(j) = n for all six permutations in a horizontal 6-cycle C at level j in I'g_ . Furthermore,
o Y(n) = 17H_1 - - - 7o71(j) for each permutation o773 - - 7 in C1 7972 - - - T), 50 C1 7172 - - - T,
is also a horizontal 6-cycle. As a result, it is not possible to have Co = Ci7 79 ... 7, where
(' is a horizontal 6-cycle and C» is a vertical 6-cycle, and so we may consider equivalence
classes of horizontal and vertical equivalence classes separately.

Vertical 6-cycles at different levels of I'p, are in different equivalence
classes. This is a direct consequence of Lemma, 6.1 and the observation we made in Section
6.1 of this chapter that a vertical 6-cycle at level i, 2 < ¢ < n — 1 is associated with
transpositions (i — 1,7) and (4,7 + 1).

There are (“;1) (;) equivalence classes at level i of 'y, 2 <i<n-—1. Let
C1 be a vertical 6-cycle at level ¢ of I'g, and let o be a permutation in C; at level 1.
While every vertical 6-cycle at level 7 is associated to (¢ — 1,4) and (i,7 4 1), this does not
mean they are all in the same equivalence class. We know that if C; is another vertical
6-cycle at level ¢ and it is G-homotopic to C, then there is an integer £ > 1 and simple
tranpositions 7;,1 < 57 < k, such that Cy = C17i72... 7. The 7; need not be distinct, so we
may consider any permutation generated by the set of 7;. Therefore, the number of 6-cycles
in the equivalence class containing C; is (i — 2)!(n — i — 1)!, the order of the subgroup of
Sp generated by all simple transpositions in S, except (i — 2,7 —1), (i — 1,4), (4,7 + 1), and
(i +1,i +2). Recall that I'p__, is (n — 2)-regular. When we use I'p__, to construct I'p,,
the vertices in each level 7, 2 <4 < n — 1, are incident to two new vertical edges, thus each
vertex in these levels has degree n. The graph I'p, is n-regular, so we removed precisely

one horizontal edge incident to each vetex in these levels. Removing a horizontal edge
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resulted in the creation of a vertical 6-cycle, therefore each vertex in level 7, 2 <1 <n — 1,
is in precisely one vertical 6-cycle at level :. Furthermore, each of the 6-cycles in a single
equivalence class contains two vertices at level i and there is a total of (n —1)! permutations

(n—1)! ("71) (5) equivalence classes at level 7, and the

at level 2. Thus there are =)= = \ i

total number of vertical equivalence classes in I'g, is

Yice (M6 =i %
_ -3 (n-1)!
=i 2()(n—i—3)!

_ on—3(n—1

=2"(%).
The number of horizontal equivalence classes in I'g is equal to the total
number of equivalence classes in I'g,_,. Recall that when we constructed I'p, using

n copies of I'g no edges were removed from the top level, level n, of an in order to

19
obtain I'p . Furthermore, each permutation in level n, written in single line notation, has
the number n in the last position, position n. Let C' be a horizontal or vertical 6-cycle in
I'p,_,. If we map each permutation o in C' to a permutation ¢’ in S;, by putting the element
n at the end of the permutation, we obtain a horizontal 6-cycle, C’, in level n of ' . For
example, we see in Figures 21 and 22 that the single 6-cycle 123 —213 —231 —-321-312—-132
in I'p, corresponds in this way to the 6-cycle 1234 —2134—2314—3214—-3124—-1324 in I'p,.
We also note that these two 6-cycles are associated with the same pair of transpositions, (12)
and (23). Thus there is a bijection between 6-cycles in I'g_ |, and horizontal 6-cycles in level
n of I'p, , and the corresponding pairs of 6-cycles in the two graphs are each associated with

the same pair of transpositions. We show that there is also a bijection between equivalence

classes in I'g, | and equivalence classes in I'g, that contain horizontal 6-cycles in level n.
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Lemma 6.3. Let C and Cy be two distinct 6-cycles in I'g, |, then C1 ~g Cy in I'p, | if

and only if C] ~ C} in'p,.

Proof. Suppose C1 ~g Cy in I'p, ;. Then Cy = Ci7y75---7; as defined in Theorem 6.2.
Each of the 7; is a simple transposition in S;,_1, so in particular the set of 7; cannot include
(n — 1,n). Therefore, if we multiply each of the permutations in C] by the sequence of
7j, the entry n is always in the last position. In fact, if we have a G-homotopy from C;
to Cy in ', ,, we may simply put the number n at the end of each of the permutations
in the grid and the result is a G homotopy from C] to C% in I'p, that demonstrates that
C)=Cinre- - T

Now suppose that C] ~¢ C4 in 'y . Then C) = C{1i7o--- 7. Recall that C] and
CY, are both horizontal 6-cycles in level n of I'p, , so all permutations in both cycles have the
entry n in position n. Therefore we do not need the transposition (n—1,n) in our sequence
of 7; because the transpositions do not need to move the entry in the last position. This
means that each of the 7; are also simple transpositions in S,, 1, so we can use the same
collection of transpositions to show that Co = Cimy7s--- 71, and therefore C7 ~¢ C5 in
I'p, , as desired.

O

The bijection between 6-cycles in I'g__, and horizontal 6-cycles in level n of I'p,,

n—1
together with the above lemma, induce a bijection between the equivalence classes of 6-
cycles in I'g | and equivalence classes in I'g, that contain horizontal 6-cycles in level n.
Now we show that those are in fact the only horizontal equivalence classes that we need to

consider. Let C} be a horizontal 6-cycle in level ¢ of I'g, for some ¢, 1 <% <n—1. No

vertical edges were removed from I'p, in the construction of I'p , and each permutation
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in level ¢ is connected to a corresponding permutation in level 7 + 1 by an edge associated
with (4,7 + 1). These two permutations originated from a single permutation from S,_; in
I'p,_,, with the element n inserted into the permutation at position ¢ or ¢ 4 1, respectively,
to obtain two permutations in S;,,. Thus we can find a 6-cycle, Cy in level n of I' g, such that
the permutations in € and C% originated from a single 6-cycle in I'g_,, with the element
n inserted into the permutations at position i or n, respectively.

If 0 in C; and ¢’ in Cy originated from the same permutation in S, 1, then
o'=o0(i,i+1)(i+1,94+2)---(n—1,n), and the permutations are connected by a path of

vertical edges corresponding to these transpositions. Similarly
Co=Ci(4,i+1)(i+1,i+2)---(n—1,n),

and the two 6-cycles are connected by six such paths. In r B, €ach pair of consecutive
vertical paths around the 6-cycles were connected at each level by horizontal edges. For an
illustration of this, we may consider the unique 6-cycles in each of levels 1 and 4 in r B, In
Figure 21, which we see are connected by a “net” of vertical 4-cycles. In Figure 22, this
net has been modified somewhat due to removing edges to obtain I'g,, and the net now
consists of vertical 4-cycles and 6-cycles. If, in ' _, the net consists of only 4-cycles, as in
the subgraph of I, shown in Figure 32, then C| ~g Cy, and C| is contained in one of the

equivalence classes we have already considered.

Figure 32. A subgraph of I'g, showing two G-homotopic 6-cycles connected by a net of
vertical 4-cycles.

On the other hand, if the net consists of both 4-cycles and 6-cycles, then C 24 Cy,

but C; is G-homotopic to the concatenation of Cs with the vertical cycles in the net. The
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4-cycles are all in the equivalence class of a single vertex, and we have already counted the
equivalence classes containing the vertical 6-cycles as well. Therefore C'; is contained in the
product of other equivalence classes that have already been counted. Consequently, when
counting equivalence classes of horizontal 6-cycles, it is sufficient to consider equivalence
classes containing horizontal 6-cycles in level n of I'p_, which we have shown is equal to the
total number of equivalence classes in I'g__ .

There are 2°73(n%? — 5n+ 8) — 1 equivalence classes of 6-cycles in T'p,.
When we tally the total number of equivalence classes of 6-cycles in ', we add the num-
ber of “new” equivalence classes of vertical 6-cycles, 23 (";1), to the “old” equivalence
classes containing horizontal 6-cycles which we have shown were counted in I'g, ,. Thus
by induction, there are Y ,_,; k=3 (k;) equivalence classes of 6-cycles in I'p, . Any other
cycle in I'p, of length > 8 can be expressed as the concatenation of 4-cycles and 6-cycles,
so these equivalence classes generate our free group AT 3(A(B,,)). Therefore our goal is

to find a generating function for

= E—1
=) 2k3 :
s =y ="
k=1
To accomplish this, we begin by rewriting this sum so that the binomial also depends
on n, which reverses the order of the terms if we expand the sum. Furthermore, for values

k =0 and k > n, the terms vanish, so we can sum over all values £ > 0. Our new function

18

f(n) = 22"’“3(”_5_ 1).

k>0

Using the Snake Oil Method [16], we multiply the above sum by z”, and sum over

values of nn. This is our generating function, F'(x), and we would like to find a closed formula
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for the coefficients of F'(x).

F(z) =Y 2" 2nk? (” - I; - 1).

n k>0

Next we reverse the order of summation, and then we adjust the exponent for x and
for 2 to match the form in the binomial. We then replace n — k — 1 with a dummy variable

r, and sum over .

k-3 (n—k—1
F(z) =>k5022,2" A G F

— Zk>0 272¢,L,k+1 Z on—k—1 (n—g—l)mnfk:fl

> n
= Zkzo %JJHI > (;) (22)"
_ 1 k+1_(22)°
= Zkzo EAN %

k+3

= 220 (1{233)3

3 k
- (1—50233)3 Dkz0
_ z3
T (1-2z)3(1-=x)"

Using standard partial fraction decomposition techniques, we obtain the result that
the coefficient of 2" in F(z) is 2"~3(n? —5n+8) — 1. This is the total number of equivalence
classes of 6-cycles in T'g, , and the number of a minimal set of generators of A" *(A(B,,))®.
We have also recovered a formula for the first Betti number of M,, 3, which Bjorner and

Lovész [6] showed give us a lower bound for the complexity of the k-equal problem described

in the introduction of this dissertation.

6.4. Future Directions

The results in Chapters 5 and 6, related to the Boolean lattice, were possible in large

part due to the construction of the graph related to a direct product of lattices that was
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developed in Chapter 4. Our new understanding of the structure of I'g, = I'", 3 (A(B,,)),
gained from viewing B, as the direct product B,_; X 2, was indispensable in proving our
results. However, the arguments also relied heavily on the properties of Sy, specifically our
ability to limit our investigation to the equivalence classes of reduced 6-cycles in the graph
and to determine that types of changes that are possible from row to row in a G-homotopy
grid. One path for future work beyond this dissertation is to investigate direct products of
other lattices to see if the structure of the associated graph can aid in obtaining results for
lattices other than B,,.

Recall that in the introduction to this dissertation, we briefly described Maurer
and Malle’s early work in discrete homotopy theory. Maurer [13] investigated matroid basis
graphs, where each vertex corresponds to a basis of a matroid, and two vertices are adjacent
if the corresponding bases differ by a single exchange. He defined a homotopy relation on

paths that is equivalent to our G-homotopy of graph maps. He proved that I' is a matroid

basis graph if and only if
1. it is connected,

2. each common neighborhood subgraph is a square, a pyramid, or an octohedron,

3. in every leveling each common neighbor subgraph meets the Positioning Condition

(which we do not define here), and

4. for some vy the neighborhood subgraph N(vg) is the line graph of a bipartite graph.

He then conjectured that conditions 3 and 4 can be replaced by a new condition,
which is that A% (T) is trivial. Since Maurer published his conjecture, Malle [12] character-

ized graphs with a trivial string fundamental group (which corresponds to our AY (T, v)) as
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the collection of graphs where each cycle has a pseudoplanar net. Malle’s characterization
might give us new insight into graphs with a trivial G-homotopy group, and it has the

potential to be valuable tool in proving Maurer’s conjecture.



[1]

2]

[3]

REFERENCES

R. Atkin, An Algebra for Patterns on a Complex, I, Int. J. Man-Machine Studies, 6
(1974), 285-307.

R. Atkin, An Algebra for Patterns on a Complex, II, Int. J. Man-Machine Studies,
(1976), 448-483.

H. Barcelo, X. Kramer, R. Laubenbacher, and C. Weaver, Foundations of a Connec-
tiwity Theory for Simplicial Complexes, Adv. Appl. Math., 26 (2001), 97-128.

H. Barcelo and R. Laubenbacher, Perspectives on A-Homotopy and its Applications,
preprint, 2003.

A. Bjorner, Topological Methods, Handbook of Combinatorics (R. Graham et al., eds.),
MIT Press, Cambridge, MA, 1995.

A. Bjorner and L. Lovész, Linear Decision Trees, Subspace Arrangements and Mobius
Functions, J. Amer. Math. Soc., 7 (1994), 677-706.

A. Bjorner and V. Welker, The Homology of “k-Equal” Manifolds and Related Partition
Lattices, Adv. Math., 110 (1995), 277-313.

D. Dummit and R. Foote, Abstract Algebra, Prentice-Hall, Inc., Upper Saddle River,
NJ, 1999.

L. Garcia, A1 version 1.2, www.math.vt.edu/people/lgarcia, (2001).
M. Greenberg, Lectures on Algebraic Topology, W.A. Benjamin, New York, 1967.

X. Kramer and R. Laubenbacher, Combinatorial Homotopy of Simplicial Complezes
and Complez Information Networks, Applications of Computational Algebraic Geom-
etry (D. Cox and B. Sturmfels, eds.), Proc. Sympos. in Appl. Math., American Math-
ematical Society, vol. 53, Providence, RI, 1998.



86

[12] G. Malle, A Homotopy Theory for Graphs, Glasnik Matematicki, 18 (1983), 3-25.
[13] S. Maurer, Matroid Basis Graphs. I, J. Combin. Theory (B), 14 (1973), 216-240.

[14] R. Stanley, Enumerative Combinatorics, Volume 1, Cambridge University Press, New
York, 1986.

[15] R. Stanley, Enumerative Combinatorics, Volume 2, Cambridge University Press, New
York, 1999.

[16] H. Wilf, Generatingfunctionality, Academic Press, Inc., San Diego, CA, 1994.

[17] G. Zeigler, Lectures on Polytopes, Springer-Verlag, New York, 1995.



